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Abstract. Certain natural geometric approximation schemes are developed 
for Wiener measure on a compact Riemannian manifold. These approxima- 
tions closely mimic the informal path integral formulas used in the physics 
literature for representing the heat semi-group on Riemannian manifolds. The 
path space is approximated by finite dimensional manifolds H-p(Af) consist- 
ing of piecewise geodesic paths adapted to partitions V of [0,1]. The finite 
dimensional manifolds H-p(M) carry both an H 1 and a L 2 type Riemannian 
structures, G)p and respectively. It is proved that 
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dVolgi (<t) — » pi(a)du(a) as mesh('P) — * 0, 



where E(cr) is the energy of the piecewise geodesic path a € H-p(M), and for i = 
and 1, Zip is a "normalization" constant, Vol G i is the Riemannian volume 

form relative Gtp, and u is Wiener measure on paths on M. Here pi(cr) = 1 
and po(°") = ex P (~ g Jq Sca\(cr(s))ds^j where Seal is the scalar curvature of 
M. These results are also shown to imply the well know integration by parts 
formula for the Wiener measure. 



Contents 

Introduction 

Basic Notations and Concepts 
Differentials of the Development Map 
Finite Dimensional Approximations 
The L 2 metric 



Convergence of v%> to Wiener Measure 
Partial Integration Formulas 
Appendix: Basic Estimates 
References 



1 
7 

8 
10 
15 
22 
28 
39 
44 



1. Introduction 

Let (M, g, o) be a Riemannian manifold M of dimension d, with Riemannian 
metric g (we will also use (•, •) to denote the metric) and a given base point o € M. 
Let V be the Levi-Civita covariant derivative, A = trV 2 denote the Laplacian 
acting on C°°(M) and p s (x, y) be the fundamental solution to the heat equation, 
du/ds — \ Au. More explicitly, p s (x,y) is the integral kernel of the operator ei A 
acting on i 2 (M, dx), where dx denotes the Riemannian volume measure. 
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For simplicity we will restrict our attention to the case where M is either compact 
or M is R d . If M — R d , we will always take o = and (•, •) to be the standard 
inner product on R d . In either of these cases M is stochastically complete, i.e. 
J M p s (x, y)dy = 1 for all s > and x G M. Recall, for s small and x and y close in 
M, that 

(1.1) Ps(x,y)»(^- s ) d ^ 2 e-^ d ^ 2 , 

where d(x,y) is the Riemannian distance between x and y. Moreover if M = R d , 
then A = JZ i=1 d 2 /dxf , d(x, y) = |x — y\ and equation (1.1) is exact. 

Definition 1.1. The Wiener space W([0, T]; M), T > is the path space 

(1.2) W([0, T]; M) = {ct : [0, T] -> M : cr(0) = o and <r is continuous}. 

The Wiener measure i/ associated to (M, (•, •), o) is the unique probability mea- 
sure on W([0, T];M) such that 

(1.3) / f(a)dv T (a) = F(x ll . . . , x n )T\p AtS (x l - 1 , x i )dx 1 ■ ■ ■ dx n , 

JW(\0.T];M) J M n .•_ 1 



i = l 



for all functions / of the form /(er) = F(a{s\), ...,a(s n )), where V := {0 = sq < 
si < S2 < ••• < s n = T} is a partition of J := [0,T], AiS := s, — Sj_i, and 
F : M" — > R is a bounded measurable function. In equation (1.3), dx denotes the 
Riemann volume measure on M and by convention x$ := o. For convenience we will 
usually take T — 1 and write W(M) for W([0, 1]; M) and i/ for v x . □ 

As is well known, there exists a unique probability measure vt on W([0, T];M) 
satisfying (1.3). The measure vt is concentrated on continuous but nowhere differ- 
cntiable paths. In particular we get the following path integral representation for 
the heat semi-group in terms of the measure vt, 

(1.4) e* A /(o) = / f(a( S ))dv T (<j), 

JW([0,T];M) 

where / is a continuous function on M and < s < T. 

Notation 1.2. When M = R d , (•,•) is the usual dot product and o = 0, the 
measure v defined in Definition 1.1 is standard Wiener measure on W(R d ). We 
will denote this standard Wiener measure by /i rather than v. We will also let 
B(s) : W(R d ) -» R d be the coordinate map B(s)(a) := B(s,a) := a(s) for all 
cr g W(R d ). □ 

Remark 1.3 (Brownian Motion). The process {-B(s)} se j ^ is a standard R d -valued 
Brownian motion on the probability space (W(R d ), /u). 

1.1. A Heuristic Expression for Wiener Measure. Given a partition V := 
{0 < si < S2 < ... < s n = 1} of [0, 1] and x := (xi, . . . , x n ) £ M n , let <7 X denote a 
path in W(M) such that cr x (s,) = Xj and such that CTxIjs^j.g^ is a geodesic path of 
shortest length for i = 1, 2, . . . n. (As above, xo := o g M.) With this notation and 
the asymptotics for p s (x, y) in equation (1.1), we find 

n n _^ _^ 

1 1 Z" 1 

where cr^(s) := ^cr x (s) for s <£ V and Z v := l\" =1 (2irA lS ) d / 2 . Using this last 
expression in equation (1.3) and letting the mesh of the partition V tend to zero we 
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are lead to the following heuristic expression: 

(1.5) dv{a)" = "^e-^ E ^Va, 
where 

(1.6) E(a):= [ {o>(s),o>(s))ds 

Jo 

is the energy of a, Da denotes a "Lebesgue" like measure on W(M) and Z is a 
"normalization constant" chosen so as to make v a probability measure. 

Let V be a continuous function on M. Then equation (1.5) and Trotter's product 
formula leads to the following heuristic path integral formula for the parabolic heat 
kernel of the Schrodinger operator — V, 

(1.7) e ^ A -^)/( )" = "l f f(a(l))e-^ E ^+ s -lo v ^ r ^V(a) 

Equation (1.7) can be interpreted as a prescription for the path integral quan- 
tization of the Hamiltonian ^g^PiPj + V. The use of "path integrals" in physics 
including heuristic expressions like those in equations (1.5) and (1.7) started with 
Feynman in [44] with very early beginnings being traced back to Dirac [23]. See 
Gross [50] for a brief survey of the role of path integrals in constructive quantum 
field theory and Glimm and Jaffe [48] for a more detailed account. 

The heuristic interpretation of the "measure" Va is somewhat ambiguous in 
the literature. Some authors, for example [18, 20, 22, 21] tend to view W(M) as 
the infinite product space M 1 and T>a as an infinite product of Ricmann volume 
measures on this product space. This is the interpretation which is suggested by 
the "derivation" of equation (1.5) which we have given above. 

Other authors, [4, 11] interpret Va as a Riemannian "volume form" on W(M). 
We prefer this second point of view. One reason for our bias towards the volume 
measure interpretation is the fact that the path space W(M) is topologically trivial 
whereas the product space M 1 is not. This fact is reflected in the ambiguity (which 
we have glossed over) in assigning a path er x to a point x = (x\, . . . , x n ) G M n as 
above in the case when there are multiple distinct shortest geodesies joining some 
pair (xi-i,Xi). However, from the purely measure theoretic considerations in this 
paper we shall see that the two interpretations of Va are commensurate. 

Of course equations (1.5) and (1.7) are meaningless as they stand because: 1) 
infinite dimensional Lebesgue measures do not exist and 2) Wiener measure v con- 
centrates on nowhere differentiable paths which renders the exponent in (1.5) mean- 
ingless. Nevertheless, in Theorem 1.8 we will give two precise interpretations of 
equation (1.5). 

1.2. Volume elements on path space. To make the above discussion more pre- 
cise, let H(M) C W(M) be the Hilbert manifold modeled on the space H(R d ) of 
finite energy paths: 

(1.8) H(M) — \o £ W(M) : a is absolutely continuous and E{a) < oo}. 

Recall that a € W(M) is said to be absolutely continuous if / o a is absolutely con- 
tinuous for all / € C°°(M). (It is easily checked that the space H(M) is independent 
of the choice of Riemannian metric on M.) The tangent space T cr H(M) to H(M) at 
a may be naturally identified with the space of absolutely continuous vector fields 
X : [0, 1] -» TM along a (i.e. X(s) G T a[s) M for all s) such that X(0) = and 
G 1 (X,X) < oo, where 



(1.9) G\X,X):=j^ 



1 /V X(s)VX( S ) 
ds ' ds 
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(1-10) := //s{cj)^{// s {<j)-'X{s)}, 

as as 

and // s ((t) : T Q M — > T CT ( S )M is parallel translation along cr relative to the Levi- 
Civita covariant derivative V. See [32, 79, 33, 58, 45] for more details. 

By polarization, equation 1.9 defines a Riemannian metric on H(M). Similarly 
we may define a "weak" Riemannian metric G° on H(M) by setting 

(1.11) G°(X,X):= [ (X(s),X(s))ds 

Jo 

for all X e TH(M). Given these two metrics it is natural to interpret Va as either of 
the (non-existent) "Riemannian volume measures" Vol G i or Vol G o with respect to 
G 1 and G° respectively. Both interpretations of Vo are formally the same modulo an 
infinite multiplicative constant, namely the "determinant" of ^ acting on H(T e M). 

As will be seen below in Theorem 1.8, the precise version of the heuristic expres- 
sions (1.5) and (1.7) shows that depending on the choice of volume form on the path 
space, we get a scalar curvature correction term. 

1.3. Statement of the Main Results. In order to state the main results, it is 
necessary to introduce finite dimensional approximations to H(M), G 1 , G°, Volrji 
and Volgo . 

Notation 1.4. U V {M) = {a E H(M) n C 2 (I \ V) : Wa'(s)/ds = for s $ V) - 
the piecewise geodesies paths in H(M) which change directions only at the partition 
points. □ 

It is possible to check that H-p(M) is a finite dimensional submanifold of H(M). 
Moreover by Remark 4.3 below, H-p(M) is diffeomorphic to (R d ) n . For cr e H-p(M), 
the tangent space T a H-p(M) can be identified with elements X <E T CT H-p(M) satis- 
fying the Jacobi equations on I\V, see Proposition 4.4 below for more details. We 
will now introduce Ricmann sum approximations to the metrics G 1 and G . 

Definition 1.5 (The ^-Metrics). For each partition V = {0 = s < s\ < s 2 < 

■ • • < s n = 1} of [0, 1], let Gjr, be the metric on TB>(M) given by 

(1.12) GUx ,y ):= ± { Y^l±l,^-l±l )AlS 

l—l 

for all X,Y e Ta-K-p (M) and a e R V (M). (We are writing vx( ^ 1+) as a shorthand 
for lim^s^ ■) Similarly, let G!p be the degenerate metric on H-p(M) given 

by 

n 

(1.13) G° V (X, Y) := ^(X( Si ), y(sO)AiS, 

i=l 

for all X,Y e T a R v (M) and a E H-p(M). □ 

If A^ p is an oriented manifold equipped with a possibly degenerate Riemannian 
metric G, let VoIg denote the p-form on N determined by 



(1.14) Vo1g(«i,«2,...,« p ) := ydet({GK,^)}^. =1 ), 

where {v\, v 2l ■ ■ ■ , w p } C T n N is an oriented basis and n £ N. We will often identify 
a p-form on TV with the Radon measure induced by the linear functional / <E 
C C (N) ^ f N fVol G . 

Definition 1.6 (V -Volume Forms). Let VoL^o andVol G i denote the volume forms 
on H-p(M) determined by Gfp and G\, in accordance with equation (1.14). □ 
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Given the above definitions, there are now two natural finite dimensional "ap- 
proximations" to v in equation (1.5) given in the following definition. 

Definition 1.7 (Approximates to Wiener Measure). For each partition V — {0 = 
s < s\ < s 2 < • • • < s n = 1} of [0, 1], let j/p and vk denote measures on H-p(M) 
defined by 

4 ■■= ir e ~ |Bvol G« 



and 



Z!p 



4re-5 B Vol G i 

zk G -p 



where E : H(M) — > [0, oo) is the energy functional defined in equation (1.6) and Zj, 
and Zk are normalization constants given by 

n 

(1.15) Z° := Y[(V2^A lS ) d and z£ := (2n) dn ^ 2 . 

i=l 

□ 

We are now in a position to state the main results of this paper. 
Theorem 1.8. Suppose that f : W(M) — > M is a bounded and continuous, then 

(1.16) lim/ f{a)dvk{a)= [ f(v)du(a) 

|Ph°JHp(Ml JW(M) 



II I I 



d 



(1.17) lim / f(a)dv%(<j)= f((r)e~* f ° Scal ^ s » ds dv(a), 

\"P\^° JHt,(M) JW(M) 

where Seal is t/ie scalar curvature of (M, g) . □ 

Equation (1.16) is a special case of Theorem 4.17 which is proved in Section 4.1 
and equation (1.17) is a special case of Theorem 6.1 which is proved in Section 
6 below. An easy corollary of equation (1.17) of this theorem is the following 
"Euler approximation" construction for the heat semi-group e sA / 2 on L 2 (M,dx). 
The following corollary is a special case of Corollary 6.7 

Corollary 1.9. For s > let Q s be the symmetric integral operator on L 2 (M,dx) 
defined by the kernel 

Q s {x,y) := (2?rs)~ d/2 cxp (^^-d 2 (x,y) + ^Scal(x) + ^Scal(y)^ for all x,y G M. 

Then for all continuous functions F : M — > M and x e M, 

(e^F)(x)= lim (Q n s/n F)(x). 

□ 

In the literature one often finds "verifications" (or rather tests) of path integral 
formulas like (1.7) by studying the small s asymptotics. This technique, known 
as "loop expansion" or "WKB approximation" , when applied in the manifold case 
leads to the insight that the operator constructed from the Hamiltonian ^g^PiPj + V 
depends sensitively on choices made in the approximation scheme for the path 
integral. Claims have been made that the correct form of the operator which is the 
path integral quantization of the Hamiltonian \g l ^PiPj+V is of the form — h 2 (lA — 
kSc&\)+V where H is Planck's constant, Seal is the scalar curvature of (M, g) and k is 
a constant whose value depends on the authors and their interpretation of the path 
integrals. Values given in the literature include k = — | [19], re = |, [17, Eq. 
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(6.5.25)] all of which are computed by formal expansion methods. The ambiguity 
in the path integral is analogous to the operator ordering ambiguity appearing in 
pseudo-differential operator techniques for quantization, see the paper by Fulling 
[46] for a discussion of this point. In [46] it is claimed that depending on the choice 
of covariant operator ordering, the correction term has k ranging from (for Weyl 
quantization) to i . For a discussion in the context of geometric quantization, sec 
[90, §9.7], where the value k = -pj is given for the case of a real polarization. In 
addition to the above one also finds in the literature claims, based on perturbation 
calculations, that noncovariant correction terms are necessary in path integrals, see 
for example [16] and references therein. 

It should be stressed that in contrast to the informal calculations mentioned 
above, the results presented in Theorem 1.8 and Corollary 1.9 involve only well 
defined quantities. Let us emphasize that the scalar curvature term appearing in 
equation (1.17) has the nature of a Jacobian factor relating the two volume forms 
Vol G ^ and Vol^ on path space. 

We conclude this discussion by mentioning the so called Onsager-Machlup func- 
tion of a diffusion process. The Onsager-Machlup function can be viewed as an 
attempt to compute an "ideal density" for the probability measure on path space 
induced by the diffusion process. In the paper [87], the probability for a Brown- 
ian path to be found in a small tubular e-neighborhood of a smooth path a was 
computed to be asymptotic to 

Ce-^l^ ■ exp (-Ie^s)) + ±J Scal(a(r))dr) , 

where Ai is the first eigenvalue for the Dirichlet problem on the unit ball in R d and 
C is a constant. The expression ^E(a) — f Scal(o~(r))dr thus recovered from 
the Wiener measure on W(M) is in this context viewed as the action corresponding 
to a Lagrangian for the Brownian motion. It is intriguing to compare this formula 
with equations (1.16) and (1.17). 

An important result in the analysis on path space, is the formula for partial inte- 
gration. Here we use the approximation result in Theorem 1.8 to give an alternative 
proof of this result. 

Theorem 1.10. Let k e H(K d ) n C^QO, l];R d ), a e W{M) and X s (a) e T a(s) M 
be the solution to 

^X s (a) + ^RicX s (<7) = 77»fc'M with X (a) = 0, 

where // s (cr) denotes stochastic parallel translation along a, see Definition 4-15. 
Then for all smooth cylinder functions f (see Definition 7.15) on W(M), 




Here, b is the R - valued Brownian motion which is the anti- development of a, 
see Definition 4-15 and Xf is the directional derivative of f with respect to X, see 
Definition 7.15. □ 

Section 7 is devoted to the proof of this result whose precise statement may be 
found in Theorem 7.16. 

Remark 1.11. This theorem first appeared in Bismut [10] in the special case where 
f(a) — F(o~(s)) for some F £ C°°(M) and s G [0,1] and then more generally in 
[27]. Other proofs of this theorem may be found in [1, 2, 28, 38, 39, 37, 41, 43, 52, 
53, 64, 67, 69, 78]. 
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2. Basic Notations and Concepts 

2.1. Frame Bundle and Connections. Let 7r : 0(M) — ► M denote the bundle of 
orthogonal frames on M. An element u e 0{M) is an isometry u : K d — > T n ^M. 
We will make 0(M) into a pointed space by fixing uq e 7r _1 (o) once and for all. 
We will often use uq to identify the tangent space T Q M of M at o with M. d . 

Let 9 denote the R d -valued form on O(M) given by = u^tt^ for all 

u E O(M), £ G T u O(M) and let w be the so(cZ)-valued connection form on 
0(M) defined by V. Explicitly if s — > u(s) is a smooth path in O(M) then 
u)(u'(0)) := u(0) _1 Vu(s)/cis| t= o, where Vu(s)/ds is defined as in equation (1.10) 
with X replaced by u. The forms (0, ui) satisfy the structure equations 

(2.1a) d9 = -co A 9, 

(2.1b) dcu = -ujAuj + n 

where is the so(d)-valucd curvature 2-form on O(M). The horizontal lift H u ■ 
T-n{u)M —> T u O(M) is uniquely defined by 

(2.1c) 9H u u = id R d, lu u H u = 0. 

Definition 2.1. The curvature tensor R of V is 

(2.2) R(X, Y)Z = V x VyZ - V x VyZ - V [x .y] z 

for all vector fields X, Y and Z on M. The Ricci tensor of (M, g) is RicA := 
J2i=i ^(-^! e i) e i an d the scalar curvature Seal is Seal = ^^ =1 (Rice i7 e^), where 
{ej} is an orthonormal frame. 

The relationship between O and R is: 

(2.3) fi(£, »y) = w _1 ii(7r*£, 7r*r?)« = H(H u tt*S,, W„7r*r?) 

for all u € O(M) and £, 77 € T u O(M). The second equality in equation (2.3) follows 
from the fact that £1 is horizontal, i.e. fi(£, 77) depends only on the horizontal 
components of £ and 7/. 

2.2. Path spaces and the development map. Let (M, o, (■,■), V), (0(M),Mo)> 
W(M), and H(M) be as above. We also let H(0(M)) be the set of finite energy 
paths 77 : [0, 1] — ► O(M) as defined in equation (1.8) with M replaced by 0{M) 
and o by 77o. 

For a e H(M), let s u(s) be the horizontal lift of cr starting at u , i.e. u is 
the solution of the ordinary differential equation 

u'(s) = W„( s) cr'(s), 77(0) = 77 - 

Notice that this equation implies that u>(u'(s)) = or equivalently that Vu(s)/ds — 
0. Hence u(s) = / / s (a)uo, where as before / / s (a) is the parallel translation operator 
along cr. Again since 77o <E O(M) is fixed in this paper we will use uq to identify 
T Q M with R d and simply write u(s) = / / s {&)- By smooth dependence of solutions 
of ordinary differential equations on parameters, the map a € H(Af) 1— > //(c) G 
H(0(M)) is smooth. A proof of this fact may be given using the material in Palais 
[79], see also Corollary 4.1 in [25]. 
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Definition 2.2 (Cartan's Development Map). The development map <j> : H(M d ) - 
H(M) is denned, for b £ H, by cf)(b) = a £ H(M) where a solves the functional dif- 
ferential equation: 

(2.4) a'(s) = // s (a)b'(s), a(0) = o, 

see [13, 59, 31]. □ 

It will be convenient to give another description of the development map <p. 
Namely, if b £ H(R d ) and a = 4>(b) £ H(M) as defined in equation (2.4) then 
a = ir(w) where w(s) £ O(M) is the unique solution to the ordinary differential 
equation 

(2.5) w'(s) = H w{s) w{s)b'{s), w(0) = u . 

^From this description of <f> and smooth dependence of solutions of ordinary differ- 
ential equations on parameters it can be seen that <f> : H(R d ) — > H(M) is smooth. 
Furthermore, <f> is injective by uniqueness of solutions to ordinary differential equa- 
tions. 

The anti development map : H(M) — > H(R d ) is given by b = <f)^ 1 (a) 
where 

(2.6) b(s)= f // r -\a)a'{r)dr. 



This inverse map cf)^ 1 is injective and smooth by the same arguments as above. 
Hence (f> : H(M. d ) — ► H(M) is a diffeomorphism of infinite dimensional Hilbert man- 
ifolds, see [31]. However, as can be seen from equation (3.5) below, 4> is not an 
isomctry of the Ricmannian manifolds H(M) and H(K d ) unless the curvature Vl of 
M is zero. So the geometry of H(R d ) and that of (H(M), G 1 ) are not well related 
by 4>. 

For each h £ C°°(H(M) -> H) and a £ H(M), let X h (a) £ T (T H(M) be given by 

(2.7) X*(a) := // s (a)h s (a) for all s £ I, 

where for notational simplicity we have written h s (a) for h(a)(s). The vector field 
X h is a smooth vector field on H(M) for all h £ H. The reader should also note 
that the map 

(2.8) ((cr, h) -> X h (a)) : H(M) x H -» TH(M) 
is an isometry of vector bundles. 

3. Differentials of the Development Map 
For u £ 0{M) and v, w £ T n{u) M, let 

R u (v,w) — Q(H u v,H u w) — u^ 1 R{v,w)u 

and for a, b £ R d let 

Q u (a,b) := Q(H u ua,Ti u ub) = u~ 1 R(ua,ub)u. 
For cr £ H(M) and X e T CT H(M), define g s (X) e so(d) by 

(3.1) q s (X)= [ S R u{r) (a'(r),X(r))dr. 

Jo 

where u = //(cr) is the horizontal lift of a. 

Remark 3.1. The one form q s in equation (3.1) naturally appears as soon as one 
starts to compute the differential of parallel translation operators, see for example 
Theorem 2.2 in Gross [49] and Theorem 4.1 in [25] and Theorem 3.3 below. □ 

Notation 3.2. Given A £ so(d) and u £ 0(M), let u ■ A £ T u O(M) denote the 
vertical tangent vector defined by u ■ A := -^\ ue rA . □ 
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Theorem 3.3. Let a £ H(M), let u = //(cr) be the horizontal lift of a and let 
b = (j)- 1 {(j). Then for X £ T CT H(M), 

(3.2) (//* s u)(X) = q s (X), 

(3.3) (/r s e)(X)=u- 1 (s)X( S ) 1 

(3.4) U/*X)(s) = u(s) ■ q s (X) + H u(s) X{s), 

and 

(3.5) ((f>*X)(s) = u- 1 {s)X(s) - f q r (X)b'(r)dr, 

Jo 

where 4>*X(b) := (</>(&)). 

Remark 3.4. The results of this theorem may be found in one form or another in 
[10, 26, 27, 15, 49, 66]. We will nevertheless supply a proof to help fix our notation 
and keep the paper reasonably self contained. 

Proof. Choose a one parameter family t i — > <r t of curves in H(M) such that ctq = o~ 
and <7o(s) = X(s) where &t(s) = 4z(Jt{s). Let u t (s) := //s(o't), be the horizon- 
tal lift of cr t , u(s) — //s(cr), i4(s) :— du t (s)/ds, Ut(s) := du t {s)/dt and u(s) := 
du t (s)/dt\ t=a . (In general t-derivatives will be denoted by a "dot" and s-derivatives 
will be denoted by a "prime.") Notice, by definition, that 

u(s) = {//s)*X = UUX){8) 

and ui(u' t (s)) = for all (i, s). The Cartan identity 

(3.6) da(X, Y) = Xa(Y) - Ya{X) - a([X, Y]), 
valid for any 1-form a and vector fields X, Y, gives 

= ^-bj(u') = duj{ii, u') + ^-oj{u) = fl(u, u') + -^-ll>(u), 
at ds ds 

where we have used the structure equations (2.1b) and = ui(u') in the second 
equality. Setting t = and integrating the previous equation relative to s yields 

(//»(*) ~u,((// s )*X)= f n(u'(0,r),u(0,r))dr 

Jo 

= / R uo (r)(K*u'(0,r),ir«u((j,r))dr 
Jo 

R Uo{r) (a'(r),X(r))dr, 



Jo 



10 

where we have made use of the fact that Q is horizontal and the relation <J t {s) — 
7r(u t (s)). This proves equation (3.2). Equation (3.3) is verified as follows: 

(//* S 6)(X) = e(UI,)*X) = e(u(s)) = u ^(s)j t \ t=0 n(u t (s)) 

= //- 1 {o)j t \t=oat{ S ) = //- 1 {°-)X{ S ). 

Recall that for u £ 0{M), {9,uj) : T u O(M) R d x so(d) is an isomorphism. 
Therefore equations (3.2) and (3.3) imply (3.4), after taking into account the defi- 
nition of 9 and the identity, 

lu(u ■ A) := u~ 1 ^-\ r=0 ue rA = A. 
dr 

To prove equation (3.5), let b — (fi^ 1 (cr) and it(s) = / / s {°")- Then 

b(s)= f u- 1 (r)a'(r)dr= f 6(u'{r))dr, 
Jo Jo 
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or equivalently, 

b'(s) = e(u'(s)). 



Therefore 



as 

= 4-{u- 1 (s)X(s)) — u> A 6(u(s), u'(s)) 
ds 

= ±(u-\s)X(s))-u;(u(s))9(u'(s)) 

= ±(u-\s)X(s))- qs (X)b'(s), 

where we have used the equations (3.6), (2.1a), (3.2) and the fact that ui(u'(s)) = 0. 
Integrating the last equation relative to s proves (3.5). □ 

3.1. Bracket Computation. 

Theorem 3.5 (Lie Brackets). Let h,k : H(M) -> H(R d ) be smooth functions. (We 
will write h s (a) for h{a){s).) Then [X h ,X k ] = X^ h ' k \ where f(h,k) is the smooth 
function H(M) -> H(R d ) defined by 

(3.7) f s (h,k){a) := X h (a)k s - X k (a)h s + q s (X k (a))h s - q s (X h {a))k Sl 

where q = / /*u as in equation (3.2) and X h (a)k s denotes derivative of a — > k s {a) 
by the tangent vector X h (a). 

Remark 3.6. This theorem also appears in equation (1.32) in Lcandre [65], equation 
(6.2.2) in Cruzeiro and Malliavin [15] and is Theorem 6.2 in [29]. To some extent 
it is also contained in [45]. Again for the readers convenience will supply a short 
proof. □ 

Proof. The vector fields X h and X k on H(M) are smooth, hence [X h ,X k ] is well 
defined. In order to simplify notation, we will suppress the arguments a and s from 
the proof of equation (3.7). 

According to equation (3.3), h = {//*9)(X h ), k = (J/*9)(X k ), and f(h,k) = 
(J/*6)([X h ,X k ]). Using equations (3.1-3.6) we find that 

f(h, k) = x h [(//*e)(x k )] - x k [(//*e)(x h )] - {d{/re))(x h , x k ) 

= X h k-X k h- {/ /*d9){X h ,X k ) 
= X h k- X k h+(//*(ujA9))(X h ,X k ) 
= X h k-X k h+(//*ujA//*9)(X h ,X k ) 
= X h k- X k h + q(X h )k- q(X k )h. 

□ 



4. Finite Dimensional Approximations 

Definition 4.1. Let V = {0 = so < si < «2 < • • • < s n = 1} be a partition of 

[0,1] and let \V\ = maxi |sj — Sj-i| be the norm of the partition, Jj := (sj_i,Sj] 
for i = 1, 2, . . . , n. For a function k, let Aik := fc(sj) — fc(sj_i) and A^s = s, — s^-i. 
For a piecewise continuous function on [0,1], we will use the notation f(s+) = 
lim r ^ s f(r). □ 

Notation 4.2. H P = {ieHn C 2 (I \ V) : x"{s) = for s £ V} — the piecewise 
linear paths in H := H(M' i ), which change directions only at the partition points. □ 
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Remark 4.3 (Development). The development map <f> : H — > H(M) has the property 
that </>(Hp) = Hp(M), where Hp(M) has been defined in Notation 1.4 above. 
Indeed, if a = <f>(b) with 6 € Hp, then differentiating equation (2.4) gives: 

~^7^ = - //»&» = for all a £ P. 

We will write </>p for </>|h p - d 

Because : H — > H(M) is a diffeomorphism and H-p C H is an embedded sub- 
manifold, it follows that Hp(M) is an embedded submanifold of H(M). Therefore 
for each cr S Hp(M), T CT Hp(M) may be viewed as a subspace of T a H(M). The 
next proposition explicitly identifies this subspace. 

Proposition 4.4 (Tangent Space). Let a e Hp(M), tften X e T CT H(M) is in 
T a R v (M) if and only if 

(4.1) ^X(s)=R(a'(s),X(s))a'(s) onI\V. 

Equivalently, letting b = (j) (a), u = 11(a) and h e H, then X h e T a R(M) defined 
in equation (2.7) is in T a R-p(M) if and only if 

(4.2) h"(s)=n u{s) (b'(s),h(s))b'(s) onI\V. 

Proof. Since H-p(M) consists of piecewise geodesies, it follows that for a € H-p(M), 
any X G T CT Hp(M) must satisfy the Jacobi equation (4.1) for s ^ V. Equation 4.2 
is a straightforward reformulation of this using the definitions. 

It is instructive to give a direct proof of equation (4.2). Since Hp is a vector 
space, TfeHp = Hp for all 6 € Hp. Since <jyp : Hp — ► Hp(M) is a diffeomorphism, 
we must identify those vectors X e T a R(M) such that fl £ Hp, i.e. those X 
such that (4>*X)" := on / \ V. Because b e Hp and hence b"(s) = on I \ V, it 
follows from equation (3.5) that ((f)* X)" = on I \ V is equivalent to 

= - n u{s) (b'(s), h(s))b'(s) on / \ V. 

□ 

Remark 4.5. The metric in Definition 1.5 above is easily seen to be non-degenerate 
because if G\,(X 1 X) = then VX(si+)/ds = for all i. It then follows from the 
continuity of X and the fact that X solves the Jacobi equation (4.1) that X is zero. 
Also note that G\, is a "belated" Riemann sum approximation to the metric on 
H-p(M) which is inherited from G 1 on H(M). Moreover, in the case M = R d , the 
metric G\, is equal to G 1 on THp(M). □ 

Definition 4.6. Let Volp be the Rlcmannian volume form on Hp equipped with 
the H 1 metric, (h,k) := J^(h'(s),k'(s))ds. □ 

Notation 4.7. Let V = {0 = s < s\ < s 2 < • • • < s n — 1} be a partition of [0, 1]. 
For each i = 1, 2, ... n, and s e (s,-i, Sj], define 

(4-3) g?(X) = 

and 

(4.4) £(X) = q s (X)-q Si _ 1 (X)= I* Q u (a' (r), X(r))dr. 



Note that q = q v + q v and hence equation (3.5) becomes 
(4.5) {pX h )'{8) = h'(s) - q s (X h )b'(s) = h'(s) - q s (X h )b'(s) - q s (X h )b'(s) 
for all h e H(R d ). □ 
Theorem 4.8. ^pVolci, = Volp 
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Proof. Let {h k } be an orthonormal basis for Hp, 6 e Hp, a = <p(b) and u = / '/(cr). 
Using the definitions of the volume form on a Riemannian manifold we must show 
that 



det(G}p((j)*hk,<f>*hj)) = 1, 



where <f>*hk := 4|o0(& + *ftfc)- 



dt 1 

Let Hk(s) = u _1 (s)(0*(/ifc))(s) and set 



(if, K) v := A 4 s. 

»=i 

Then X fffc = </>*(/i fc ) and 

Aet{G 1 v {^{h k ),^{h j )))=det{{H k ,H j ) v ). 

By equation (4.5) 

h' k = (cj>*(X H *))' = H' k - q{X H «)b' = H' k - q{X H «)b' - q(X H *)b' 

so that 

(4.6) h' k + q(X H *)b' = H' k — q(X H *)b'. 

Noting that h' k , q(X Hk ), and b' are all constant on Sj) and that (X fffc ) = 

0, it follows that both sides of equation (4.6) are constant on (sj_i,Sj) and the 
constant value is H' k (si-\+). Therefore 

(H k ,Hj) v = [\H' k - q(X H *)b', H'j - q(X^)b') ds 
Jo 

(h' k + q{X H ")b', ti. + q(X H i)b') ds. 



J 

Jo 
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Define the linear transformation, T : Hp — > Hp by 

{Th)(s)= f q r (<f>*h)b'(r)dr. 
Jo 

We have just shown that 

det(Gp(^(M, Mhj))) = det({<(J + T)h k , (I + T)hj) v } - k ) 

= det({(h k ,(I + Ty(I + T)h j ) v } jtk ) 

= det((J + T)*(/ + T)) = [dct(/ + T)] 2 . 

So to finish the proof it suffices to show that det(7 + T) = 1. This will be done by 
showing that T is nilpotcnt. For this we will make a judicious choice of orthonormal 
basis for Hp. Let {e }f =1 be an orthonormal basis for T Q M = M. d and define 

fh,a( s ) = { /a— / l Ji-A r )dr) e a 



for i = 1, 2, . . . , n, a = 1, . . . , d. Using the causality properties of <p and q, it follows 
that <fi*hi^ a '■= on [0, s»_i] and hence q{4>*{hi, a )) '■= on [0, Si). Thus for any a, b, 
(Thi^ a ,hjfi) = if j < i. This shows that T is nilpotcnt and hence finishes the 
proof. □ 

Definition 4.9. Let E^d(b) := J Q |6'(s)| 2 cLs denote the energy of a path 6 e H. For 
each partition V = {0 = so < si < S2 < • • • < s n = 1} of [0, 1], let denote the 
volume form 

Mp = i^VvolH, 
/j-p 

on Hp, where Zp := (27r) d ™/ 2 . (By Lemma 4.11 below, ^ is a probability measure 
on Hp.) □ 
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Let b £ H and a := <j>(b) £ H(M). Because parallel translation is an isometry, 
it follows from equation (2.4) that E(b) = E{a). As an immediate consequence of 
this identity and Theorem 4.8 is the following theorem. 

Theorem 4.10. Let fij, (Definition 4-9) and v\, (Definition 1.7) be as above, then 
/ip is the pull back of ' z/p by <jyp, i.e. — ippi/p. □ 

Before exploring the consequences of this last theorem, we will make a few re- 
marks about the measure Let up : W(R d ) — > (R d ) n be given by Trp(x) '■— 
(x(s\),x(s2), ■ ■ ■ ,x(s n )). Note that irp : Hp — ► (M d ) n is a linear isomorphism of 
finite dimensional vector spaces. We will denote the inverse of np\n v by ip. 



Lemma 4.11. Let dy\dy 2 - • • dy n denote the standard volume form on (R d ) n and 
yo := by convention. Then 

(4.7) i* P ^ v = ^ ^(A 4S )- d / 2 exp{-^-|^-^_i| 2 }^ d yi dy 2 ---dy n 

where Zp is defined in equation (1.15). Using the explicit value on Zp, this equation 
may also be written as 

(4-8) ipA*p = JJpA <s (j/i-i,J/») dyxdy 2 ■ ■ ■ dy n , 



\i=l 



where p s (x,y) := (2t:s) d / 2 cxp{— \x — y\ 2 /2s} is the heat kernel onM. d . In particular 
and hence \Xp are probability measures. 

Proof. Let x £ Hp, then 



E(x)= / | x '( s )|^ = ^|^p AjS = ^-L|A 4 x| 



i=l 

Hence if x = ip(y), then 



(4.9) 



f \x'(s)\ 2 ds = £ -L| w - ^| 2 = £ |£| 2 . 
J o i= i A * s i= i 



where & := (Ajs) 1 / 2 (j/i — 2/i-i). This last equation shows that the linear transfor- 
mation 

x £ Hp -> {(Aia)" 1 ^^^.) - z(^-i)}?=i e (R d )" 
is an isometry of vector spaces and therefore 

(4.10) VpVol-p =d? 1 d£ 2 ---dZn- 
Now an easy computation shows that 

(4.11) deidfc ■ ■ ■ dfn = ^Il(A 4 5)- d/2 ^ • • • 

^From equations ((4.9) - (4.11)), we see that equation 4.7 is valid. □ 

Notation 4.12. Let {-B(s)}se[o,i] be the standard M d — valued Brownian motion 
on (W(R d ),/z) as in Notation 1.2. Given a partition of [0, 1] as above, set Bp :— 
i-p o ir-p(B). The explicit formula for Bp is: 

AS 

Sp(s) = B(s,_i) + (s - Si_i)-^— if s e (si-i,Si], 

where A^B := £?(sj) — £?(sj_i). We will also denote the expectation relative to \x 
by E, so that E [/] = J w(Rd) fdfi. □ 
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Note that B-p is the unique element in H-p such that B-p = B on V . We now 
have the following easy corollary of Lemma 4.11 and the fact that the right side of 
equation (4.8) is the distribution of (B(si), B{s2), ■ ■ • , B(s n )). 

Corollary 4.13. The law of B-p and the law of ifi(B-p) (with respect to fj.) is 
and v\, respectively. □ 

4.1. Limits of the finite dimensional approximations. Let us recall the fol- 
lowing Wong and Zakai type approximation theorem for solutions to Stratonovich 
stochastic differential equations. 

Theorem 4.14. Let f : R d x R™ -> End(R d ,R") and f : R d x M™ -> R n be twice 
differ entiable with bounded continuous derivatives. Let £o € R" and V be a partition 
of [0, 1]. Further let B and Bp be as in Notation 4-12 and £p(s) denote the solution 
to the ordinary differential equation: 

(4.12) &( S ) = f(&(s))B!p(s) + /„(&(*)). ^(0) = £o 

and £ denote the solution to the Stratonovich stochastic differential equation, 

(4.13) d£(«) = + /„(£(*))<&>, 6(0) - Co- 

TTiera, /or any 7 e (0, \), p € [l,oo), t/iere is a constant C(p, 7) < 00 depending 
only on f and M , so that 



(4.14) lim E 

|7>|-o 



sup|^(s)-^)P 

S<1 



<C(p, 7 )|P| 7P . 



This theorem is a special case of Theorem 5.7.3 and Example 5.7.4 in Kunita [60]. 
Theorems of this type have a long history starting with Wong and Zakai [88, 89]. The 
reader may also find this and related results in the following partial list of references: 
[3, 5, 6, 9, 12, 24, 36, 51, 54, 55, 56, 63, 62, 68, 70, 73, 74, 75, 76, 77, 80, 82, 84, 83, 86]. 
The theorem as stated here may be found in [30]. 

Definition 4.15. 1. Let u be the solution to the Stratonovich stochastic differ- 
ential equation 

5u = H u u5B, u(0) = u . 

Notice that u may be viewed as \i - a.e. defined function from W(M d ) — ► 
W(0(M)). 

2. Let <(> := tt o u : W(R d ) -» W(M). This map is will be called the stochastic 
development map. 

3. Let //.(a) denote stochastic parallel translation relative to the probability 
space (W(M),v). That is // (c) is a stochastic extension of //.(a). 

4. Let b(s) = J* / / r ~ 1 (o-)5cr(r), where Sa(r) denotes the Stratonovich differen- 
tial. 

□ 

Remark 4.16. Using Theorem 4.14, one may show that is a "stochastic extension" 
of <fr, i.e. (f> = linii-pi^o <P(B-p). Moreover, the law of <fi (i-e. ^(fi^ 1 ) is the Wiener 
measure v on W{M). It is also well known that b is a standard R d - valued Brownian 
motion on (W(M), v) and that the law of u under /j, on W(R d ) and the law of // 
under v are equal. □ 

The fact that <j> has a "stochastic extension" seems to have first been observed 
by Eells and Elworthy [31] who used ideas of Gangolli [47]. The relationship of the 
stochastic development map to stochastic differential equations on the orthogonal 
frame bundle O(M) of M is pointed out in Elworthy [34, 35, 36]. The frame bundle 
point of view has also been developed by Malliavin, see for example [71, 70, 72]. 
For a more detailed history of the stochastic development map, see pp. 156-157 
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in Elworthy [36]. The results in the previous remark are all standard and may 
be found in the previous references and also in [40, 54, 60, 73]. For a fairly self 
contained short exposition of these results the reader may wish to consult Section 
3 in [27]. Using Theorem 4.14 and Corollary 4.13 above, we get the following limit 
theorem for v}p. 

Theorem 4.17. Suppose that F : W(0(M)) — ► R is a continuous and bounded 
function and for a e H(M) we let f(a) :— F(//.(aj). Then 

(4.15) lim f f(a)du^(a) = f f(a)du(a), 

I^H°JHp(M) JW(M) 

where f (a) := F(/~/.(a)). 
Proof. By Remark 4.16 

(4.16) f f{a)dv{a)=E[f{u)]. 

JW(M) 

By embedding O(M) into M. D for some D £ N and extending the map v i— ► Tt u uv 
to a compact neighborhood of O(M) C M. D , we may apply Theorem 4.14 to conclude 
that 



(4.17) lim E 

|7>|-o 



sup \u v (s) - u(s)\l D 

0<s<1 



= 0, 



where up solves equation (2.5) with b replaced by Bp. But the law of up is equal 
to the law of //(•) under v\,, see Corollary 4.13. Therefore, 

(4.18) f f{a)dv 1 v {a)=E[f{u v )\. 

JH-p(M) 

The limit in equation (4.15) now easily follows from (4.16-4.18) and the dominated 
convergence theorem. □ 

5. The I? metric 

In section 4 we considered the metric G\, (see Definition 1.5) on H-p(M) and the 
associated finite dimensional approximations of the Wiener measure v on W(M). 
It was found that under the development map (p-p, the volume form with respect 
to. G\, pulls back to the volume form of a flat metric on Bp(R d ), see Theorem 4.8. 
As a consequence, we found that under the development map (f>p, the volume form 
v\, on Hp(M) pulls back to the Gaussian density jiL on H-p(R d ). 

Definition 5.1. Let M v := M n and tt v : W(M) -> M v denote the projection 

(5.1) np(a) := (a(si),... ,a(s n )). 

We will also use the same notation for the restriction of np to H(M) and Hp (M) . □ 

In this section we will consider two further models for the geometry on path 
space, namely the degenerate L 2 -"metric" Gfp defined in Definition 1.5 on Hp(M) 
and the product manifold M v with its "natural" metric. 

Remark 5.2. The form Gj, is non-negative but fails to be definite precisely at o <G 
Rp(M) for which a(si) is conjugate to er(si_i) along cr([si_i, s^) for some i. In this 
case there exists a nonzero X € THp(M) for which G^(X, X) = 0. Hence, Vol G o 
will also be zero for such a G Hp(M). □ 

Definition 5.3. Let M v be as in Definition 5.1. For x = (xi,x 2 , ■ ■ ■ ,x n ) e M v , 
let 

(5.2) Ep( X ):=±^^l 

i=i 
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where d is the geodesic distance on M. Let g-p be the Riemannian metric on M v 
given by 

(5.3) g v = (Ais) g x (A 2 s) .9 x • • • x (A„s) 5, 
i.e. if v = (wi,w 2 , • ■ .,u n ) G TM" = (TM) n then 

n 

g v (v,v) := ^giv^v^A.s. 

i=l 

Let the normalizing constant Z v be given by equation 1.15 and let jp denote the 
measure on M v defined by 

(5.4) lv (dx) := ^cxp (-^(x)) Vol 9p (dx) 

where Vo\ gv denotes volume form on M v defined with respect to. g-p. □ 
Remark 5.4. An easy computation shows that 

(5.5) Vol gv = (f[(A lS ) d ^ x Vol£, 

where Vol g is the volume measure on (M, g) and Vol™ denotes the n-fold product 
of Vol 3 with itself. □ 

The next proposition shows the relationship between rip (defined in Definition 
1.7 above) and 773. For the statement we need to define a subset of paths a in 
H-p(M) such that each geodesic piece cr([sj_i, Sj]) is short. The formal definition is 
as follows. 

Definition 5.5. 

1. For any e > 0, let 

B. V {M) :={(jgH P (M) : f ' \a'(s)\ds < e for i = 1, 2, . . . , n}. 

2. For any e > 0, let 

Aff = {x e M v : d(xi-i,Xi) < e for i = 1, 2, . . . , n} 
where d is the geodesic distance on (M, g) and x := o. □ 

Proposition 5.6. For e > fess i/ian i/ie injectivity radius of M, we have 

1. is a Riemannian metric on H V (M). 

2. T/ie image ofHp(M) under n-p is Mf and the map 

t: v : (K P (M),G v )^(M?,g v ) 

is an isometry, where g-p is the metric on M v in equation (5.3). 

3. ^* vlv = rip on W V {M). 

Proof. Because e is less than the injectivity radius of M, it follows that any X E 
r CT Hp(M) is determined by its values on the partition points V . Therefore, if 
G V (X,X) = for X e T a W p (M), then X := 0. This proves the first item. The 
second item is a triviality. The last item is proved by noting that for a £ H V (M), 
c|[si_i,si] is a minimal length geodesic joining <r(sj_i) to <r(sj), and therefore 

(5.6) f \o>{8)\>d.= (d(a( Si Msi))\\ iS _ dHo-jsj-Msi)) 



Ais J Ais 
Summing this last equation on i shows, 



(5.7) 



E{a) = / \a (s)\ ds = }^ — = Ep(ir v (a)). 

Jo i=1 A,s 
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Hence by the definition of 773, the fact that 7r-p is an isometry on Hp(M) (point 2 
above), and (5.7) above, we find that on Hp(M), 

□ 

Note that in general, for x <G M v , 7Tp 1 (x) has more than one element, and may 
even fail to be a discrete subset. Therefore using the product manifold M v as a 
model for Bp(M) requires some care. The important aspect of the isometric subsets 
and Hp(M) is that in a precise sense they have nearly full measure with respect 
to. j-p,Vp an d v %>- This will be proved in section 5.1 below. 

Before carrying out these estimates we will finish this section by comparing z/p 

to Z/p. 

Notation 5.7. Let M. dv denote the Euclidean space (R d )™ equipped with the prod- 
uct inner product defined in the same way as g-p in equation (5.3) with R d replacing 
TM. □ 

To simplify notation throughout this section, let 

(5.8) aEKv(M), b:=4>-\a), u := //(a), and A(s) := 0„ (s) (6'( S ), -)b'(s). 
Note that since b e Bp(R d ), 

(5.9) b'(s) = Aib/A iS and A(s) = fl u{s) (^,-)^ 

for s <G (si-i,Si\. Let us also identify X e T a H-p(M) with h := vr 1 X. Recall 
from Proposition 4.4 that h : [0, 1] — > R d is a piecewise smooth function such that 
h(0) = and Equation (4.2) holds, i.e. 

(5.10) h" = Ah on / \ V and h(0) = e R d . 

In order to compare Volgo^ and Volg^ it is useful to define two linear maps 

Jo : (T a R v (M),G° v )^R dv 
Ji : (T a R v (M),G 1 v )^R dv 

by 

JoW = (M*i),M*2),... ,M*n)) 

and 

Jl(X) - (/»'(so + ), /l'(si+), • ■ • , ft'(«n-l+)) 

where /i := u~ 1 X as above. 

It follows from the definition of Gj, and the metric on that if a is such that 
J is injective, then J is an isometry. By point 2 of Proposition 5.6 this holds on 
Hp(M). However, by Remark 5.2 there is in general a nonempty subset of Hp(M) 
where Jo fails to be injective. Clearly, J fails to be injective precisely where Gp 
fails to be positive definite. Similarly, it is immediate from the definitions and the 
fact that Gj, is a nondegenerate Riemann metric, see Remark 4.5, that J\ is an 
isometry at all a € Bp(M). 

To simplify notation, let V denote the vector space (R d ) n and let T = T-p{a) be 
defined by T := J o J^ 1 . Thus T : V — > V is the unique linear map such that 

(5.11) T(ti(s +), h'( Sl +), . . . , /i'(s„_i+)) = (h( Sl ), h(s 2 ), h(s n )) 



18 



ANDERSSON AND DRIVER 



for all h = u~ x X with X E T a R v (M). With this notation it follows that 

Vol G o = JJVol R «» = (To J^'VoW 

= J{T* Vol Rd p = dct (T) J x * Vol RdP 

(5.12) = detCOVol^. 

Note that in this computation a e H-p(M) is fixed and we treat Vol G ^ , Vol G i as 
elements of the exterior algebra A dn (T*R-p(M)) at some fixed a and Vo1r.jp as an 
element of A dn ((R dp )*). 

Our next task is to compute det(T). 

Lemma 5.8. Let Zj_i(s) denote the d x d matrix-valued solution to 

(5.13) Z'l^s) = A{s)Z i _ 1 {s) with Zi_i(si_i) = and ^_ 1 (s i _i)=7. 
T/ien 

n 

det(7>(cr)) = JJdct(Zi_i(si)). 

i=l 

Proof. We start by noting that for cr € H-p (M) such that G p is nondegenerate, then 
det(Zj_i) 7^ for i = 1, 2, . . . , n. To see this assume that det(Z,_i) = for some i. 
In view of the fact that Z solves the Jacobi equation (5.13), this is equivalent to the 
existence of a vector field Xi_\ along a([si-i, Si}) which solves (4.1) for s e [sj-i, Sj] 
and which satisfies 

X < _i(s i _i) = 0, X i _i(* < ) = 0. 

Define X by 

y / n _ f ^i-i(s), s e [si-i,Si] 
lj ~\0 se [0,1] \ [*_!,*] 

Then X e T CT Hp(M) and it is clear from the construction that Gj,(X,X) = 0. 
Thus for such cr, Volg^ ^ = 0. Hence we may without loss of generality restrict our 
considerations to the case when det(Zj_i) ^ for all i. 

Let Cj_i(s) be the d x d matrix-valued solutions to 

CS / _ 1 («)=A(s)C i _ 1 (a) with Ci_i(«i_i) = J and C5_ 1 (« j _i) = 0. 
For i e {1, 2, . . . ,n} and h = u^X with X e T a W-p (M) let 

fc(s) := Cj_i(«)/»(*i-i) + ^-i(s)/i'(s i _i+). 

Then fc" = Afc on (sj_i,Sj), fc(sj_i) = h(si-i) and fc'(sj_i) = ft/(sj_i+). Since 
ft- satisfies the same linear differential equation with initial conditions at Sj_i, it 
follows that h = k on [sj_i, Sj] and in particular that 

/i(sj) = Cj_i(sj)/i(sj_i) + Zi_i(si)/i'(si_i+). 

Solving this equation for ft/(sj_i+) gives 

= Z l _ 1 (s l ) _1 (^(^) ~ Ci_i(si)/»(«i_i)) 

from which it follows that T -1 (£i, £ 2 , ■ • • , £n) = (771,772,... , r/ n ) where 

% = «»& - f° r i = 1, 2, . . . , n, 

a, := Zi^i(si)^ 1 and /3, := ■Zi_i(si)~ 1 Ci_i(si). (In the previous displayed equation 
£0 should be interpreted as 0.) Thus the linear transformation T -1 : V — > V may 
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be written in block lower triangular form as 

" ai 
/?2 a 2 

(3 3 a 3 



: : '•• '■• 

• • • j3 n a n 

and hence for a € H-p(M) so that G!p is nondegenerate, 

n n 

det^- 1 ) = JJdet(ai) = J] det^.i^)" 1 ). 

i=l i=l 

It follows by the above arguments, that for all a € H-p(M) 

n 

det(T) = JJdet(Zj_i(sj)) 

i=l 



□ 



(5.14) 



M ,):=n*t(^), 



As a consequence, we have the key theorem relating v^, to Mp. 
Theorem 5.9. Let 

i=l 

then z/p = pv v v- 

Proof. ^From the Definition 1.6 for fp, Equation (5.12) and Lemma 5.10 we find 
that 

1 



= ^e-5 E Vol G o 



1 " 
= ^e-^JJdet^.^sO^ol^ 

w n n w 

= w e ^ £ n( A -i s ) d -n dct (7^ z -i^)) vo H- 

^•p , ■ , ^i— \S 

r i=l i=l 

Equation (5.14) now follows from Definition 1.7 (for j/p) and the expressions for Zp 
and Zp in equation (1.15). 

Using this result and Bishop's Comparison Theorem we have the following esti- 
mate on p-p(o-). □ 

Corollary 5.10. Let K > be such that Ric > — (d — 1)KI (for example take K 
to be a bound on Q) then 

/ , — \ d—l 

sinh(\/F|Ai6|)\ 



(5.15) 



pv 



K\Aib\ 



Proof. The proof amounts to applying Theorem 3.8 on p. 120 [14] to each of the 
Zi-i(si) , s above. In order to use this theorem one must keep in mind that is 
not a unit vector and the estimate given in [14] corresponds to the determinant of 

Zi-i(si) restricted := j • Noting that Zi_i(sj)£ = AiS ■ £ and accounting 
for the aforementioned discrepancies, Theorem 3.8 in [14] gives the estimate 



det (Zi-i(si)) < 



sinh(VX|A i 6|) 
^7T\A~b\/A~s~ 



d-l 
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or equivalcntly that 

, , 1 , NN /sinh(vT|Ai6|)\ ~* 
det -r Zi-Asi)) < )= 1 u 

This clearly implies the estimate in equation (5.15). □ 

5.1. Estimates of the measure of Wp(M) and Mf. We will need the following 
Lemma, which is again a consequence of Bishop's comparison theorem. 

Lemma 5.11. Let u>d-i denote the surface area of the unit sphere in R d , R be 
the diameter of M and let K > such that Ric > — (d — \)KI. Then for all 
F : [0, R] —* [0, oo], 

/ F(d { o, .))dvol < ^ I* r^F(r) ( ^ffll) ^ dr 
Jm Jo \ VKr J 

Proof. Sec Equations (2.48) on p. 72 (3.15) on p. 113, and Theorem 3.8 on p. 120 
in Chavel [14]. □ 

We are now ready to estimate the measures of Mf and Wp{M). We start by 
considering j v (M v \ Mf). 

Proposition 5.12. Fix e > and let Mf be as in Definition 5.5 and let 77? be the 

measure on M v defined by (5.4)- Then there is a constants C < 00 such that 

7v (M v \MT)<CeM-^)- 

Proof. Let / : [0, 00)™ — > [0, 00) be a measurable function. Let dx = n"=i Vol g (d:Ej) 
and note that 

n 

(5.16) dx = dVol 9p (x) J[(A t s)- d / 2 . 

An application of Lemma 5.11 and Fubini's theorem proves 

x n -i,x n ))^ v (dx) 



/ f(d(o,x 1 ),d(x 1 ,x 2 ), ... ,d( 
Jm-p 

As usual let {-B(s)} se ro i ii be a standard R d -valued Brownian motion in Notation 
4.12 and AiB = B(si) - B(si-i). Noting that 

( n 2 \ n d—l 1 

\ - rj \ -p-r Ud-irf dn 
^ 2A t s J 11 (27rA i _ ia )"/2 

is the distribution of (|AiB|, |A 2 -B|, . . . , \A n B\), the above inequality may be writ- 
ten as: 



(5.17) / f(d(o,xi),d(xi,x 2 ), ■ ■ ■ ,d{x n -i,x n ))^ v {d-x) 

Jm-p 

± e 1^1. ■ ■ ■ . \^b\) n ( sinh jg A ^ l} ) d " 
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For i e {1,2,.. . ,n}, let A := {x G M v : d(xi-i,Xi) > e} so that M v \ Mf = 
U" =1 A and 



(5.18) 



lv {M v \M^)<Y,lv{A t ). 



Since 1.4; (x) = Xe(^( x i-i: ^i)): where x £ (r) = l r > e , we find from equation (5.17) 
that 



(5.19) 



TP (A) < E 



= E 



Xe 



n sinh^A^ 



d-l 



sinh(V-ft:|A i B|) 



d-l 



n^(v/A^), 



where tp is defined in equation (8.19) of the Appendix. An application of Lemma 
8.7 now completes the proof in view of (5.18) and (5.19). □ 

We also have the following analogue of Proposition 5.12. 
Proposition 5.13. For any e > there is a constant C < oo such that 

4(fhp(M) \ HMM)) < Cexp(- i ^). 

Proof. Let us recall that 4>(R v (R d )) = R V (M) and let us note that (f)(R^(R d )) = 
W V (M). By Theorem 4.10 and Corollary 4.13 this implies that 

4(fhp(M)\H^(M)) = p 1 v (R v (R d )\U t v (R d )) 

= M ({max{| Ai_iB| : i = 1, 2, . . . , n} > e}) 



< ^M|Ai-iS| >e) 
»=i 

n 

= ^E[ Xe (|A 4 B|)] 



»=i 

where as above Xe( r ) = lr>«- The last inequality follows from Lemma 8.7 with 
K = 0. □ 

Finally we consider z/£(B>(M) \ H£,(M)). 
Proposition 5.14. Let e > 0. Then there is a constant C < oo such that 



(5.20) 



z/£(H P (M) \ Bp(M)) < Cexp(- 



4|P| 



)• 



Proof. Let i? be the standard R d valued Brownian motion. For i = 1, 2, . . . , n, let 
A = {|A 2 B| > e} and set .4 = Uf =1 A- Then H-p(M) \ W V (M) = <j) V (A) where 
(f) V : R v (R d ) -> H-p(M) denotes the development map. 

By Theorem 5.9, i/£ = pv v \>i where p-p is given by (5.14). By Theorem 4.10 and 
Corollary 5.10 above, 
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wherein we have used the fact that the distribution of {AiB-p} i under n\, is the same 
as the distribution of {A i B} i under /x. Thus arguing as in the proof of Proposition 
5.12 we have with % e = l r > e , 

n 



< 



i=i 



Xe(\\B\)U 



sinh(VK\ A jB\ 



d-l 



K\AjB\ 



i=l 



sinh(Vi?|A 4 S|) 



d-l 



K\A,B\ 



where -0 is defined in equation (8.19) of the Appendix. An application of Lemma 
8.7 in the Appendix completes the proof. □ 

6. Convergence of i/p to Wiener Measure 

This section is devoted to the proof of the following Theorem. 

Theorem 6.1. Let F : W(0(M)) — > R be a continuous and bounded function and 
set f(a) := F{/ / '.(a)) for a G H(M). Then 



lim f f(a)d4(a) = f 



W(M) 



f{o-)e-if» Scal(a(s » ds dv(o-), 



where f(a) := F(//.(cr)) and / / r (o~) is stochastic parallel translation, see Definition 
4.15. □ 

Because of Theorem 4.17, in order to prove this theorem it will suffice to compare 
uj, with l/j, . Of course the main issue is to compare Volgo^ with Volg^ . In view of 
Proposition 5.14 and the boundedness of / and Seal, 



in, 



<C||/||oce-^ 



f(o-)d^(a) 

/H>(M)\H^(M) 

which tends to zero faster than any power of \V\. Therefore, it suffices to prove that 
for any e > smaller than the injectivity radius of M, 



(6 



.1) lim / f(o-)dis°(a)= f f(a)e-^o s ^(°(s))ds d v( a y 

l p H°iH5,(M) ' JW{M) 

6.1. Estimating the Radon Nikodym Derivative. In this section we will con- 
tinue to use the notation set out in equation (5.8). 

Proposition 6.2. Suppose that A is given by equation (5.9) and that Z^i is de- 
fined as in Lemma 5.8. Let A be an upper bound for both the norms of the curvature 
tensor R (or equivalently fl) and its covariant derivative Vi?. Then 

1 



Zi-i{ Sl ) = A iS (I + -n tl(ai _ l) (A i 6, -)Aib + £_!), 



(6.2) 
where 
(6.3) 

Ln particular, if e > is given and it is assumed that \ Aib\ < e for all i, then 
(6.4) IfiUI < C|A,6| 3 , 

where C = C(e, R, VR) = ±(2A + ±A 2 e) cosh(VAe). 



< i(2A|A J 6| 3 + iA 2 |A l 6| 4 )cosh(VA|A J 6|). 

D Z 
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Proof. By Lemma 8.3 of the Appendix, 

(6.5) Z»-i(si) = A.sl + — £- fi u( S4 -i)(^i 0^ + AjS^_i, 
with satisfying the estimate, 

(6.6) |^_!| = i(2if 1 (A jS ) 3 + i^ 2 (A jS ) 4 )cosh(Vi?A 4S ) 

o 2 

where K := sup s£(s ._ iiSi) \A(s)\ and K 1 := sup s£(s4 _ liSi) \A'(s)\. 
By (5.9), for s e [sj_i,s;], 

< A|A,&| 2 (A, S )- 2 

and hence K (A 4 s) 2 < A|A;6| 2 . 

Since u'(s) = Ti. u t s )u(s)b' (s) , we see for Sj_i < s < Si that 

- (^) U(S) (6'( S ),6'( S ),-)6'( S ) 
A 

di 

combined with equation (6.6) proves equation (6.3). □ 



(A i s)- 3 (Dfi) u(s) (A i 6, A 4 6,-)A 4 6, 
where (Dfi)„ (s) (&'(s), ■, •) := f s O u(s) . Therefore |A'(s)| < A(A lS )- 3 |A,6| 3 which 



Proposition 6.3. Lef \I/(£/) fee given as in Lemma 8.1 of the Appendix and define 

(6.7) Ui-t := ^ u(si _ 1 )(A i V)A i H^- 1) 
w/iere is defined in Proposition 6.2. Then 

(6.8) Pv {a) = exp(W P ((T))exp(-^p( ( T)), 
w/iere 

^p(ct) := ^(Ric„ (Si _ l) A 4 6, A t b) 

i=l 

and 



(6.9) W P (<7) := 2(*r£_i + 

»=i 

Moreover there exists e > and C\ < oo smc/i i/iai for all e e (0, eo], 

n 

(6.10) |W p (<t)| < d l A ^! 3 /° r a " G e Jf|,(M). 



i=i 



Proof. Recall that by definition, the trace of the linear map v \— > 0„( Si _ 1 )(Aj6, v)Aib 
equals — (Ric^. ^ Aj6, A^fe) and hence 

trf/i_i = -i(Ric u(si _ 1 )A i 6, Aj6) +tr£j_i. 
^From the definitions of IZv and W-p, we get using Lemma 5.8 and Lemma 8.1, 

Pv{o) = f[expr-i(Ric u(si _ l) A i 6,A i 6)+tr^_i + *(-C/ i _i) X ) 

i=l ^ ' 

= ex P ^XJ( Ric «(^-i) A A A,6)^J cxp ^tr£_i+5^*(-I/i_i)^ 
which proves equation (6.8). 
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Letting A be a bound on the curvature tensor ft, it follows using equation (6.4) 
that 

\Ui-i\ < ^|fi u(ai _ l) (A < 6,-)A i 6| + |£i_i| 

< ^b\ 2 + C\Aib\ 3 

< (Ce+±)\^b\ 2 <{Ce+^<\ 

for e sufficiently small. So, using Lemma 8.1 of the Appendix, W-p satisfies the 
estimate, 

n 

\W v (a)\ < ^(Itr^l + I*^.!)!) 

i=l 

n 

< d'£{\£ i - 1 \ + \U i - 1 \ 2 {l-\U i - 1 \)- 1 ) 



< 



C\A l b\ 4 + 2 ( (Ce+^)|Ai6| 



< d^lA.fel 3 . 



Let 5p : H-p(M) 1 be given as 



□ 



(6.11) 



Sv{°) ■= ^Scal(a(sj_i))A i s, 



where Seal is the scalar curvature of (M, (•,•)). 

Proposition 6.4. Let pel and e > 0. Then there exists C = C(p,e,M) < oo 
such that 

(6.12) 1 - Ce~^ < f e p ( nv ^- Sv ^dv?p{a) < e CK ^ v \ - Ce~^, 
and hence 



(6.13) 



<e CK*\v\_ Ce -fa 



e p(K v (*)-S v (*)) d „^ 

for all partitions V with \V\ sufficiently small. 

Proof. Let u-p be the solution to equation (2.5) with b replaced by Bp, Hi :— 

RiCtip(si-i), and 

Y := e PEr=i«RiA i S,A i S>-tr(R i )A iS ) > 

By Theorem 4.10, the distribution of e p ^ Rv ~ s ' p ' under i/p is the same as the distri- 
bution of Y under fx. Therefore, 

f e^^- s ^d^(a) = f Ydft, 

where A := U" =1 .4i and Ai := {|Aj.B| > e} as in the proof of Proposition 5.14. By 
Proposition 8.8 of the Appendix 

1< f Yd t i= [ Ydfi+ [ Ydfi<e dp2K2 ^, 

JW(M d ) J A" J A 
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where if is a bound on Ric. Therefore, 

1 - / Ydfi < ( e^^-^W^a) < e d P 2R2 W - f Ydfx. 
Ja Jn c v (M) Ja 

So to finish the proof it suffices to show that J A Yd[i < Cexp ^— jfpy) • 
Noting that 



^((R i A iJ B,A i S)-tr(R i )A i s) 



<K (J2\^B\ 2 + d) , 



J Ydfi<J cxp (^K\p\(J2\A t B\ 2 + d)^ dn 

-^J A cxp ^w(Ei A ^i 2 + rf )j d » 



(6.14) <£] 



E 



Xe{\&iB\)e K ^ B \ 2+d ) 



oxp ^H(^|A 4 B| 2 +d) 

were Xe( r ) — lr>e- The first factor of each term in the sum is bounded by Lemma 
8.5. Using the same type of argument as in the proof of Lemma 8.6 one shows for 
\V\ sufficiently small that there is a constant C < oo such that 



E 



Hence the sum in equation 6.14 may be estimated to give J A Ydfj, < C exp ^— jppy) • 

□ 

Corollary 6.5. Let S-p : H-p(M) — > R 6e given as m equation (6.11). Then for all 
e > sufficiently small there is a constant C = C(e) smc/i £/i<rf 



(6.15) 



(M) 



/or a/Z partitions V with \V\ sufficiently small. 

Proof. Let C be a generic constant depending on the geometry and the dimension 
of M. Let J denote the left side of equation (6.15) and let if be a constant so that 
|Scal| < K. Then 



J 



•p(M) 
HUM) 



dv\, 



e -\K Vf ,W v _ e -\S v 



dv\, 



< e 



K 



Sh% 



(M) 



where 



and 



I :=e 



K 



e -l(n v -s v ) e w v _ l 

e -I(K P -Sp) _ l 



dv\ <I + II, 



e w -dv 



II := e 



K 



Sh% 



\\dv. 



(M) 
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Since \e a - 1| < - 1 < |a| e l a l for all nel. 



(6.16) 



(M) 



|e^ - l\drip < 



HJ,(M) 



By Proposition 6.3 there exist e > such that |M /r -p(cr)| < CJ27=i |Ajb| 3 on 
W V {M)) for e < e . Therefore, with the aid of Theorem 4.10, 

/ \W v \^dv x v < CV / |A,6| 3 exp I Ce V |A,6| 2 ) dv x v 

< CV |A 2 &| 3 exp Ce V|A 2 6| 2 W, 

f^Jn v (M) \ l=1 j 

n ,. / n \ 

= CV |AiB| 3 exp CeoVlAiBI 2 d/x 



= Cj]E [|A J B| 3 cxp(Ce |A J B| 2 )] Ecxp ( Ce ^ \& t B\ 



i=l 



e dCe ° < oo and hence 



By Lemma 8.5, lim supp^Q E \e Ct0d 

n 

II < 2e K Ce dc ' £o ^E[|A J B| 3 exp(Ceo|A J B| 2 )] 
i=i 

n 

= 2e K Ce dCea ^(A,s) 3 / 2 E [|B(1)| 3 exp (Ce A jS |B(l)| 2 )] 

< 

(6.17) 

for all partitions V with \V\ sufficiently small. 
To estimate /, apply Holder's inequality to get 



< 2e K Ce dCt °E [\B(l)\ 3 exp (Ce \V\\B(l)\ 2 )] \f\P\ 

< Cy/\P\. 



I 2 < e 2K 



/ 


e -±(Kv-S-p) _ i 


dnj 


U 











e 2 ^d^ . 



The second term is bounded by the above arguments. Expanding the square gives 



e -l(n v -s v ) _ 1 = u-\{n v -s v ) _ i) _ 2( e -s( K ^- 5 ^) - 1) 



< 



e 3* 



By equation (6.13) of Proposition 6.4 to each term above, there is a constant C = 
C(e, M) < oo, such that 

I 2 < Ce 2K (e CK2 \ v \ - Ce-^i) < C\V\ 



for all partitions V with \V\ sufficiently small. ^From this we see that 

/ < c\r\ 1/2 

which together with (6.17) proves the Corollary. 



□ 
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6.2. Proof of Theorem 6.1. To simplify notation, let p : W(M) -> (0, oo) be 
given by 

fi 



(6.18) 



p(a) := exp 



Scal(a(s)) ds 



where Seal is the scalar curvature of (M, g) . Recall, by the remark following Theorem 
6.1, to prove Theorem6.1 it suffices to prove equation (6.1) for some e > 0. Let 
F : W(0(M)) — » M, / : H(M) -> E, and / : W(M) -> E be as in the statement 
of Theorem 6.1. Then by Corollary 6.5 and Proposition 5.13, for e > sufficiently 
small and for partitions V with \V\ sufficiently small, 



/ fdv% = \ fpvdvp 
JWp{M) Jnip{M) 

= [ fe~^d^+i v 
= f fe-i s ^d4+e P , 

JH V (M) 



'Hp(M) 

and \e v \ < C||/|| 00 |'P| 1//2 where C is a constant independent of V. Because of 
Theorem 4.17, to finish the proof, it suffices to show that 



/ /(e"5 Sp -p)dv v v =0. 

JHv(M) 



lim 

I-pHoJhp(m) 

As above, let B be the E d -Brownian motion in Notation 1.2, B-p be its piecewise 
linear approximation, op = (fi(B-p) and u-p := / /(up). If A is a constant such that 
|Scal| < A and |VScal| < A, then 



L 



f(e~^ - p)dv 1 v 

f(up) (e~* f° Scal(<j P (s))ds _ g -i / X Scal(<rp (s))ds 



(6.19) 



H P (M) 

< E 

< Hi 



S A/6 E 



|Scal(CT-p(s)) — Scal(<7-p(,s))|<is 



wherein the last step we used the inequality \e a — e b \ < e max ( a ^)| a — fo| . For s € 
[s,_i, Sj), we have 



|Scal(a P (s)) - Scal(cr P (s 4 _i))| < A|A,B| 



and hence 



H-p(M) 



p)dv\, 



< 



3e A / 6 A^E|A 2J B|A jS 

n 

3e A / 6 AE|B(l)|^(A 4S ) 3/2 



i=l 



< CII/llcolT'l 1 / 2 . 



This finishes the proof of Theorem 6.1. 



□ 



Definition 6.6. Let V be a partition of [0,1]. To every point x e M v we will 
associate a path cr x e Ffp(M) as follows. If for each i, there is a unique minimal 
geodesic joining Xi-i to rz^, let cr x be the uniqe path in H-p (A'/) such that a x (si) = Xi 
and f*' i |cr'(s)|eLs = d(xi_i, x^) for i = 1, 2, . . . , n. Otherwise set cr x (s) :— o for all 
s. 



28 



ANDERSSON AND DRIVER 



Corollary 6.7. Let a <G [0,1], F : W(0(M)) — > M be a continuous and bounded 
function and set /(cr) := F(//.(a)) /or cr G H(M). Then for a e [0, 1], 



lim / /( (Tx ) e s5:?=i( QScal ( a; - 1 )+( 1 - Q ) Scal ( :l; ')) A * s d7 T ,(x) = / f(a)du(a), 

\~P\^oJ M r Jw(M) 

where /(cr) := F(//.(aj) and //,-(cr) is stochastic parallel translation, see Definition 
4.15. 

Remark 6.8. It would be possible to prove this corollary using standard weak con- 
vergence arguments appropriatly generalized to the manifold setting, see for exam- 
ple Section 10 in Stroock and Varadhan [84] and [85] and Ethier and Kurtz [42]. 

Proof. For cr e H(M), let Xv,a( a ) = S?=i( aScal (^(s*-i))+( 1 -«)Scai( CT ( Si )))A iS _ Let 
A be a constant such that |Scal| < A and |VScal| < A. Then Xv,a{o~) < e A / 6 so by 
Proposition 5.12 

/ f(o-x)Xv. a {o- x )dj v (x) = £v 

Jmt\m^ 

where e-p < C\ \f\ \ x \V\ 1 ^ 2 . Therefore it is sufficient to consider J MV f(a x )xv,a(o~x)d'y-p(x.). 
By Propositions 5.6 we have 

/ f(o- x )xv. a (o- x )d"/ v (x) = / f{a)xv,a{o-)dv^{a) 

Let p{a) be given by (6.18). Arguing as in the proof of Theorem 6.1, the Corollary 
will follow if 

lim f f{<T){xrA<r)p(<r)-l)K(<r)=0 

JHp(M) 

Let a-p,Rp be as in the proof of Theorem 6.1. We estimate as in the proof of 
Theorem 6.1, 



lim / /((T)(xp,a(cr)p(cr) - l)rf^(cr) 

\n->QJn v (M) 



< ll/lloce A / 6 E 



n „1 

(aScal(cr-p(s,_i)) + (1 — a)Scal(erp(sj))) A^s — / Scal(a-p (s))ds 
i=i Jo 

which completes the proof of Corollary 6.7. □ 



7. Partial Integration Formulas 

As an application of Theorem 4.17, we will derive the known integration by parts 
formula for the measure v. This will be accomplished by taking limits of the finite 
dimensional integration by parts formulas for the measure v^. The main result 
appears at the end of this section in Theorem 7.16. A similar method for proving 
integration by parts formula for laws of solutions to stochastic differential equations 
has been used by Bell [7, 8]. 

7.1. Integration by parts for the approximate measures. The two ingredi- 
ents for computing the integration by parts formula for the form v\, is the differential 
of E and the Lie derivative of Volg^ . The following lemma may be found in any 
book on Ricmannian geometry. We will supply the short proof for the readers 
convenience. 
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Lemma 7.1. Let Y £ T CT H(M), then 

(7.1) YE = dE(Y) = 2 [ la'(s), ^M)ds. 

as 



Proof. Choose a one parameter family of paths a t £ H(M) such that cr — a and 
±\ t=0 a t =Y. Then 

FP = || t=0 jT 1 |^(s)| 2 ds = 2j\^a' t (s)\ t=0 ,a'(s))ds. 
Since V has zero torsion, 

The last two equations clearly imply equation (7.1). □ 

To compute the Lie derivative of Vol^ is will be useful to have an orthonormal 
frame on H-p (M) relative to G-p . We will construct such a frame in the next lemma. 

Notation 7.2. Given a £ Hp(M), let H-p.^-be the subspace of H given by 

(7.2) R v , <7 :={veU:v"(s)=n u{s) (b'(s),v(s))b'(s), Vs?V}, 

where u — //(a) and b = (f)^ 1 (a). □ 

Because of equation (4.2) of Proposition 4.4, v £ H-p.a if and only if X v (a) := 
//{a)v G T,Hp(M). 

Lemma 7.3 (G-p -orthonormal frame). Lei V be a partition of [0, 1] and G\> be as 
in equation (1-12) above. Also let {e a }^ =1 be an orthonormal frame for T Q M = R d . 
For a £ H-p(M), i = 1, 2, . . . , n and a = 1, . . . , d Zet h ija (s, a) := v(s) fee determined 
(uniquely) by: 

1. v S H-p (T . 

2. i/(s 3 -+) = ifj^i-1. 

3. u'(si_i+) = y^e a . 

TTiera {X ha ' i ,i = 1, ... ,n, a = 1, . . . , d} is a globally defined orthonormal 
frame for (Hp (M), 

Proof. This lemma is easily verified using the definition of Gp in equation (1.12), 
the identity 

^M£±)=//,(.K (a+ ), 

as 

and the fact that // s (er) is an isometry. □ 

Definition 7.4. Let PG 1 denote the set of fc e H which are piecewise G 1 . Given 
k £ PC 1 , define k v : Hp(M) -> H by requiring fc-p(cr) e Hp j(7 for all a £ Hp(M) 
and k' v (a,s+) = k'(s+) for all s G P \ {1}. Note that with this definition of fcp, 
X kv is the unique tangent vector field on Bp(M) such that 

vxy +) = v^(s +) forall s 

ds ds 
Lemma 7.5. J/fc G PG 1 , f/ierc L X fc p Volga = 0. 

Proof. Recall that on a general Ricmannian manifold 

L x Xo\ = -J2(Lxe>, e 4 )Vol = ^([e 4 , X], e i )Vol, 
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where {e^} is an orthonormal frame. Therefore we must show that 



n d 



i=l a=l 

Suppressing a <E H-p(M) from the notation and using Theorem 3.5 to expand the 
Lie bracket, we find 

n 

4([iV S ^ ]) i'..,< ) = ^ (I v i ^_^, io . ) ' ) g| (8j _ i+)Aj , 

n 

+ ^(( g (X^)/ lo>i - g (X^)fcp) / ,/i / a , i )|( S3 _ 1+ )A jS . 
i=i 

For s £P\{1}, (X' l ».»fc P )'(s+) = X h ^*k' v (s+) = 0, since fc'(s+) is independent of 
a. For the same reason, {X k ^ h a ^' (s+) = for s e "P\{1}. Moreover for s e "P\{1}, 

((g(X fc *)fe ,i) , X,i>| a + = (g(X^)/ i / aii + J R u (a / ,X^)/ lo , i ,/ l / Oji )| s+ = 0. 

because q(X kv ) is skew symmetric and because either h a ,i(s+) or h' ai (s+) are equal 
to zero for all s e "P \ {1}. Similarly, 

((gpfVi)^)',^.)^ = (q(X h ^)k' v +R u (a',X h ^)k r ,ti a , i )\ s+ = 

because for all s € V \ {1}, either q s+ (X ha - i ) = or h' ai (s+) = and cither 
h a ,i{s+) = or h' ai (s+) = 0. Thus every term in the sum in equation (7.3) is 
zero. □ 

Theorem 7.6. Suppose that k e PC 1 , V is a partition of [0,1], b e H-p and 
a = 4>{b) g Hp(M). TTien 



(7.4) (L X * P 4) CT = - ^(fc'( Si _ 1 +), A,6) J (4) CT , 
z.e. i/ie divergence of X kv relative to the volume form v\, is 

n 

(7.5) (div^-Xa) = -^(fc'( Sj _ 1+ ),A 2 6). 

i=l 



□ 



Proof. By Lemma 7.5, 

1 



{L X k v V-p) a 

and by Lemma 7.1, 



~{X^E){a) 



(4)c 



/V(*), 
Jo 

= 2 / (// a (a)l/{8),// a (a)l^{a,8))d8 
Jo 

= 2^2 / (6'( S ),^(a, S ))d S . 
i=i 
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Now for s e Ji := (sj-i, Sj], 

(?/(«), A^(tr,s)) = (b'(s i - 1 +),k! p (<T,s i - 1 +))+ [ b'(r)-k'-p(a,r)dr 
= (b'(si- 1 +),k! p (s i - 1 +)) 

+ f (b'(s),n u{r) (b'(r),k v (a,r))b'(r))dr 

= (b'(s i - 1 +),k' r (s i - 1 +)), 

wherein the last equality we used the skew adjointness of f2 u ( r )(6'(r), k-p(o~,r)) and 
the fact that 6'(s) = 6'(r) = Ai&/AjS for all s,r £ J;. Combining the previous three 
displayed equations proves equation (7.4). □ 

Corollary 7.7. Let k G PC 1 , V be a partition of [0,1] as above, and let f : 
Bp (M) — > R &e a C 1 function for which f and its differential is bounded, then 

(7.6) / (X k -f)^= f /(f> , (* i _i+),A i &>Ji£. 

w/iere m £/ws formula Aib is the to be understood as the function on H(M) defined 
by 

(7.7) Ai6(a) := <T - <rV)(s*-i)- 

□ 

Proof. First assume that / has compact support. Then by Stoke's theorem 
= / d (/"?>)] = / L x „ v (fulp) 

JH-p(M) JU T {M) 

= [ [(X k -f)^ + fL xkp ^ p ] 

JH-p(M) 



which combined with equation (7.4) proves equation (7.6). For the general case 
choose x € Gc^QU) such that x 1S onc m a neighborhood of 0. Define Xn := 
X(±E(-)) G C™(K P (M)) and /„ := Xn f e C C °°(H P (M)). Observe that 

(x fc -/„) = ^.x^Z + i/.x^-^-))^^ 

n n 

= Xn .X k -f + -f-x'{-E{-)) (j2(k / (s^ 1 +),A l b)) , 

wherein the last equality we have used the formula for X kp E computed in the 
proof of Lemma 7.6. Because of Theorem 4.10, X^Li (fc'( s i-i+)j Ajfe) is a Gaussian 
random variable on (H-p(M), i/p) and hence is in L p for all p € [1, oo). Also 

|Jf fcT 7| < C^G),(X k v,X k T>) 

n 

= C ^(fc'( S4 _ 1 +),fc'( Sj _ 1 +))A 4S <C||fc'|| co , 

\ i=i 

where C is bound on the differential of /. Using these remarks and the dominated 
convergence theorem, we may replace / by /„ in equation 7.6 and pass to the limit 
to conclude that equation (7.6) holds for bounded / with bounded derivatives. □ 

Remark 7.8. Obviously Corollary 7.7 holds for more general functions /. For exam- 
ple the above proof works if / and df are in L p (R-p(M), vlp) for some p > 1. □ 
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We would like to pass to the limit as \P\ — > in equation (7.6) of Corollary 7.7. 
The right side of this equation is easily dealt with using Theorem 4.17. In order to 
pass to the limit on the left side of equation (7.6) it will be necessary to understand 
the limiting behavior of kp as \V\ — > 0. This is the subject of the next subsection. 

7.2. The limit of hp. 

Notation 7.9. Let V = {0 = s < s\ < s 2 < • • • < s n — 1} be a partition of [0, 1] 
and for r e (sj-i,Sj), let r := Sj-\. For k € PC 1 , define ||fc / ||i,?> and |||fe / |||?> by 

n 

(7.8) \\k'\\i,P= ^|fc'( Si -i+)|A iS , 

i=i 

and 

(7.9) \\\k'\\\v = [ \k'(r)-k'(r)\dr. 



Note that lllfc'HIp = if k e R v . 

Lemma 7.10. Let V be a partition of [0, 1], a € Hp(M), & = (p~ 1 (a), u = //(a), 
k e PC 1 and kp(a,-) be as in definition 7.4- Then with given by (7.7) and 
fc'HijD given by (7.8), 



(7.10) Mo-,s)| < \\k'\\i,pe? A ^?=^ A ^ 2 Vse [0,1] 

and 
(7.11) 

\k v (a,s) - fc P (cr,s 4 _i)| < ^\k'{s i - 1 +)\A i s + i |fc P (cr, Si _i)| A | Ai6| 2 ^ coshVAIA^I , 

and 
(7.12) 

|Ma-,s) -fcp(<r,Si_i)| < \k'(s i - 1 +)\A i s+ -A|A 4 6| 2 ||M Vs e (a f -_i,s,-l, 

w/iere A is a bound on the curvature tensor. 

Proof. Let «(■) := fcp(<7, •) G H-p ;Cr and A(s) := fi u ( a )(6'(s), ■)&'(«)• By Definition 7.4 
oikp, k satisfies 

(7.13) k"(s) = A(s)k(s) for all s <£ V 
and 

(7.14) K'(s+) = k'(s+) VseP\{l}. 

Noting that |ft u(s) (&'(s), -)b'(s)\ < A|6'(s)| 2 = A^^for s e (s^S;], Lemma 8.2 
of the Appendix and equation (7.12) implies that 

|«(«) - «(s<_i)| < |«( 8< -i)| (coshv^lA.bj - l) + lfc / (s j -i+)iA,s Smh y X J^ b| 

v y VA|Ai&| 

< ^'( S4 _ 1 +)|A 4 .s + i| K ( Sj _ 1 )|A|A 4 6| 2 ^coshVA|A 4 6| 
where we have made use of the elementary inequalities 

(7.15) cosh(a) - 1 < -a 2 cosh(a), and — < cosh(a) Va E R. 

£ CI 
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In particular, equation (7.11) is valid and 

\k(s)\ < \K(si-i)\ cosh VX\Aib\ + |fc / (s i _i+)| A iS 1 ^ 1 

(7.16) < (|K(«i_i)| + |fc / (s i _i+)|A i s) exp^A |A,6| 2 }, 

since cosh(a) < e" 2 / 2 for all a. Using the fact that k(s ) = k(0) = and an inductive 
argument, equation (7.16) with s — s, implies that 

Combining this last equation with equation (7.16) proves the bound in equation 
(7.10). □ 

In the rest of this section, unless otherwise stated, C will be a generic constant 
depending only on the geometry of M and C(7,p) will be a generic constant de- 
pending only on 7,p and the geometry of M. 

Theorem 7.11. Let k e PC 1 and B and Bp be the R d -valued processes defined in 
Notation 1.2 and Notation 4-12 respectively. Also let u be the 0{M)-valued process 
which solves the Stratonovich stochastic differential equation 

(7.17) 5u = 7i u u5B, u{0) = u , 

u-p = 1 1 (<j)(B-p)) and z-p = hp{<j>{Bj>), ■). (Note by Theorem 4-H that u = lim^-p^^ <j>(B 
is a stochastic extension of <f>.) Let z denote the solution to the (random) ordinary 
differential equation 

(7.18) z'(s) + hlic uis) z(s) = k'(s), 0(0) = 0. 
Then for 7 E (0, \), p £ [1, oo) 7 



E 



sup \z v {s) - z(s)\ p 
se[o,i] 



<c(% P )(\\k%, v \vr+\\\k'\\\ p v ). 



We will prove this theorem after the next two lemmas. Before doing this let us 
note that z-p in Theorem 7.11 above is determined by 

(7.19) 

4(s) = A(s)zp(s) for s^V, z v (0) = 0, and z' v {s+) = k'(s+) Vs e V \ {1}, 
where 

(7.20) A(s) :=0 up(5) (^|,.)^ when s e 

Lemma 7.12. Let Si be defined by 

5, := z v (si)+ J (^Kic uviz) z v {r) - k'(r+)j dr. 

Then therefor allp € [1, 00) and 7 e (0, 1/2) there is a constant C — C(p, 7, A) < 00 
such that 



E 



maxl^f <C\\k'\\ p p \V\™, 

i J 



where A is a bound on ft and its horizontal derivative. 
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Proof. With out loss of generality, we can assume that p > 2. Throughout the 
proof C will denote generic constant depending only on p, 7, A, and possibly the 
dimension of M. By Taylor's theorem with integral remainder and equation (7.19) 
and equation (7.20) we have 



z-p(si) = z-p(si-i) + Zp(sj_i+)AjS + / (sj - r)z'^{r))dr 

J Si-l 

= z v (s l ^ 1 ) + fc'(sj_i+)AjS 

( Si - r)Q up (r) (B' v (r), z v {r))B' v (r)dr 



(7.21) = ^(sj_i) + fc'(s l _ 1 +)A,.s + -n uv{Sz _ l} (A t B, z P (s l _ 1 ))A J B + A 

where 
(7.22) 

0i= I % (*i-r)(n^(r)(^(r),^(r))-n ii7>(a< _ 1 )(^(r),^(« i _i)))S / 7 ,(r)dr. 

■'Si-l 

By Ito's lemma, 

O up(s ._ l) (A j S,^(s j _i))A j B = / Sl„ p(Sj -i)( B ( r )-5fe-i),2pfe-i))(lS(r) 

Jsj-i 

-Ric„ p (r)Z-p(Sj-l)AjS. 

Using this equation and the fact that Zp(0) — 0, we may sum equation (7.21) on i 
to find 

(7.23) z v { Sl ) = * (V(r+) - iRic Mp(r) zp(r)^) dr + M £ + E 

where M 73 is the R d - valued Martingale, 

M v s : = [ n uv{r) (B(r) - B(r),z v (r))dB(r) 
Jo 

+ f n uv(z) (dB(r), z P (r)) (B(r) - B(r)) . 
Jo 

Therefore 5, t = M% + £*. =1 Pj- 

By the martingale moment inequality [57, Prop. 3.26], 



(7.24) 



E 



sup 



\K\ P 



< C P E 



(M v ) p/2 



where C p is a constant and (M v ) is the quadratic variation of M v . It is easy to 
estimate (M v }i by 



Jo 



(M v ) 1 < 2dA 2 I \B(r) - B(r)\ z \z v {r)\ z dr 

and hence by Jensen's inequality 

(M V )T < (2rf) p/2 A p ! \B(r) - B(r)\ p \z v (r)\ p dr. 
Jo 
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Because {z-p(z)}re[o,i] is adapted to the nitration generated by B we may use the 
independence of the increments of B along with scaling to find 

E(M v ) p/2 < (2d) p/2 A p E\B(r)- B(r)\ p -E\z v {r)\ p dr 

Jo 



C p (2d) p/2 A p f \r- r\ p/2 • E \z v {r)\ p dr 
Jo 



< C p (2d) p/2 K p \\k'\\ p v f \ r -rf' 2 -Ee^U^^dr, 

Jo 

where equation (7.10) was used in the last equality. By Lemma 8.5 of the Appendix, 
E e f A Ej=i l A i B l i s bounded independent of V when \V\ is sufficiently small. Hence 
we have shown that 



E 



suplMjY 



< 



C p (A)||fc'||^ f\r-r\ p l 2 dr<C p {A)\\k>\\ p v \V\ p ' 2 . 
Jo 



So finish the proof it suffices to show that 

(7.25) E (^ l/?jl ) - q|fc,|l ^ |7,|7P - 
By assumption, u-p solves the differential equation 

u' P (s) = H Uv ( s) u v (s)B' v (s) u v (0) = u , 
so that for any F G C 1 (0(M)), r e (s,_i,Sj], 

(7.26) \F(u v (r)) - F^s^))! <C\j B' v {s)ds\ < C\A t B\, 

where C bounds the horizontal derivatives of F. Applying this estimate to Q implies 

(7.27) \fl uv(r) - Sl^s^l < A\AiB\. 

Using the inequalities in (7.12) and (7.27) and equation (7.22) we find that 

|A| < xA max \z P (s) - zris^WA.B] 2 + Alzris^WA.B] 3 

Z Si-i<S<Si 

< 1a (\k>( Sl _ 1+ )\A lS + i|^( Si _!)|A |A,S| 2 ^ cosh (yX\AiB\) |A, t B| 2 

(7.28) +A\z v (s^ 1 )\\A l B\ 3 . 

Letting K 1 denote the random variable defined in equation (8.15) of Fernique's 
Lemma 8.3, the above estimate implies that 

< ^|A : '( Sj _ 1 +)|A 4S cosh(VAif 7 |7'|)^ 2 |7'| 2 ^ 

+ ^^|A i s| 47 cosh(VAK 7 |7'|) + C 2 K 3 \A lS \ 3 ^ 

where 7 G (0, 1/2). We will now suppose that 7 is close to 1/2. Then by equation 
(7.10) of Lemma 7.10, we find that 

n 1 

X>l ^ 2 l|fc ' i|l ' pC ° Sh ( x/X ^ |Pi )^ |P|27 

i=l 

+C\\k'\\ 1 , v \V\^- 1 (if>sh (yAK 7 \V\) +Ktye* A Z7=i\W 
< CWk'W^V^- 1 ((^ 7 4 + ^)cosh(VAif 7 |P|) + K 3 ) e h^U^ B \\ 
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Using Lemma 8.4 and 8.5 of the Appendix, it follows that 

((X 7 4 + K$) cosh (VAKjPl) + Kfj e^U 



is bounded in all LP for \V\ small. This proves E (E"=i < CP'II? ^I^l^ 7 " 1 ^ 

which proves equation (7.25) since (37 — 1) approaches 1/2 when 7 approaches 
1/2. 



□ 



Lemma 7.13. Let e-p be defined by 

(7.29) e v {s) := z v {s) + J (^R\c uv[r) z v {r) - fc'(r)) dr. 

Then for all 7 € (0, \ ) and p € [1, 00), 



(7.30) 



E 



Proof. Let <5j be as in the previous lemma and set S-p(s) :— Y^i=i ^l(s»_i,si] ( s )- By 
the definitions of e-p, (7.29) and &p, we have for s € (sj-i, Sj], 

e-p(s) - M s ) = M 5 ) - z v(si) 

+ \( K f o RiCu v (r)Zv(r)dr - J Ric Uv (L) z v (r)di 

f ' k'{r+)dr- f k'{r)dr 
Jo Jo 

/ (Ric Uv (r)Zv{r) - Ric MT , (r ) z v (r)) dr 
Jo 

1 f Si 

- 2 y Ric up(r) zp(r)dr 

+ (*p( s ) - Z7>(S»)) + ( fc ( s ^ k ( s )) 



+ 
1 

2 



-I 

Jo 



(fc'(r) - fc'(r+))dr 



=: -Ai + ^Bi + Ci{8) + Ei, 
where for r e (Sj-i, Sj], I := Sj-i- We will now prove the estimate 



E 



sup \e v (s) - S v {s) 



< 



ch, P )(\\k'\\l v \r\ 2 ^ + \\\k'\\r v ) 



This will complete the proof (7.30) in view Lemma 7.12. 
By definition of |||£/|||-p in equation (7.9) 



(7.31) 



max \EA < 



In the argument to follow let {K-p}v denote a collection functions on (W(R d ),/x) 
such that sup-p H-^t' < 00 for all p e [1, 00). Using equation (7.10) with b = B 
and cr = (j>{B-p) and Lemma 8.5 of the Appendix, 



< ||Ric|UP|||M|co < ||Ric||oo^ 



\V\. 



So for p G [1, 00), 



E 



max \ Bi I 



<iiRicir 00 nifc'n^E[^]|7'r<ci7'r 
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Next wo consider Q. We have C i (s l ) = and by (7.13) and (7.14) with b = B and 
a = 4>{B V ) for s G (sj_i,Sj], 

C' i {s) = z' v {s)-k'{s) 

= k'(s i - 1 )-k'(s)+ f n uHr) (B'(r),z P (r))drB'(s) 

J Si — l 

which implies after integrating 

\Ci(a)\ < AlAiS^H^IU + \\\k'\\\ v < AX 7 2 |A lS |^||^|U + \\\k'\\\ v 

where A is a bound on and K 1 is defined in Lemma 8.4. Therefore, again by 
(7.10) and Lemma 8.5, if p e [1, oo) and 7 e (0, 1/2) then 



E 



max\Ci(s)\ p 



< 



C( 7 ,P,A) (|« i7 ,|P| 2 ^ + 111^111^). 



□ 



So to finish the proof it only remains to consider the Ai term. Applying the 
estimate in equation (7.26) with F = Ric gives, for r e (sj-i, Sj], 

\Ric Uv(r) ~ Ric up(r) | < C\AjB\ < CK^Vy. 

where C is a bound on the horizontal derivative of Ric. Therefore, 



< Cjgpni^lloo + IIRiclloo / \z v {r) -z v {r)\ 

Jo 

< CK 7 \Tr\\k'\\ hV e^"=^ A i B \ 2 



dr 



+ ||Ric||oo (\\k'\\ hV \V\ + ^AmaxlA^I 2 !!^!! 

< C\\k'\\ hV [e^U l^ B l 2 (k-^VV + \V\ 2 ~<) + \P\} 

< K P \\k'\\ liV \Vy, 

wherein we have made use of equations (7.10) and (7.12) of Lemma 7.10 in the 
second inequality, equation (7.10) and the definition of K 1 in equation (8.15) in the 
third inequality, and Lemmas 8.4 and 8.5 in the last inequality. Thus 



E 



max \ Ai\ p 



<C{ llP )\\k'\\l v \V 



for p e [l,oo) and 7 e (0, 1/2). This completes the proof of Lemma 7.12. 



□ 



Proof. Let e-p be defined as in equation (7.29) and let y-p(s) denote the solution to 
the differential equation, 



Then 



y'-p(s) + -Ric up {s) yv(s) = k'(s) with y v (0) = 0. 

r 1 

z v (s)-y v (s) = ~ J 2 Ric u V (r)(zv(r) - y v {r))dr + e v {s) 



and hence 

\zp{a) -Vp(s)\ < I C\{z v (r) - y r (r)\dr + e v (a), 
Jo 

where C is a bound on |Ric. So by GronwalPs inequality, 

\zp(s) — yr(s)\ < max (\e-p(s)\e Cs ) < max \ev(s)\e c \ 

8 S 

which combined with equation (7.30) of Lemma 7.12 shows that 



E 



m^\z P (s)-y v ( S )\p] <C( 7 ,p)(||fc1llp|7T P + ll|fc'lll?>)- 
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forpe [l,oo), 7 e (0,1/2). 

To finish the proof of the theorem it is sufficient to prove 

(7.32) E [maxM*) - z(s)\"] < C( 7 ,p) (\\k' \\l v \V\^ + \\\k'\\\ p v \Vr) 
First note that a Gronwall estimate gives 

(7.33) max|z( S )| < | |fc'| \ LHds) e" Ric ^ s < C\\k'\\ L i {ds) 
and similarly 

max\y P (s)\ < C\\k'\\ L i {ds) , 

s 

where | |z,i(d s ) = Jq \k'{s)\ds. Let w = y-p — z. Then 



Letting 



w'(s) = ^Ric UT{s) w(s) + - (Ric„ p(s) - Ric„ (s) ) z(s) 



A v = max^|Ric UT ,( s ) - Ric„ (s) | 

S £ 



the inequality (7.33) and an application of Gronwall's inequality gives 

(7.34) \w(s)\ <CA v \\k'\\ L1 e Cs 
Theorem 4.14 implies 

n\M p ]<c{i,p)\v\^ 

and hence by (7.34), 

E fmaxMs) - z(s)\ p ] < C(i,p)\\V\\ p L1 \V\™ 

. s J 

This implies (7.32) in view of the fact that 

\\k'\\ L1 < \\X\\i,v + \\\V\\\v- 
This completes the proof of Theorem 7.11. □ 

7.3. Integration by Parts for Wiener Measure. 

Proposition 7.14. Let \V\ := max{|Ais| : i = 1, 2, . . . , n} denote the mesh size of 
the partition V and f be a function on H(M) and f on W(M) as in Theorem 4.17. 
Then 

(7.35) lim / /( Y> / (s i _ 1 +),A i &) ] v l v = [ ( f [ (k' , db)) du, 

l p h°JH p (M) \~[ J JW(M) \ JO J 

where Aj& is to be interpreted as a function on H(M) as in equation (7.7) and b 
is the anti- development map. Recall that b is an M. d -valued Brownian motion on 
(W(M),z/) which was defined in Definition Here j^(k',db) denotes the ltd 

integral of k' relative to b. 

Proof. Let B denote the standard K d -valued Brownian motion in Notation 1.2 and 
u denote the solution to the Stratonovich stochastic differential equation 7.17. By 
Lemma 4.11 and Theorem 4.10, 
(7.36) 

X>'( S4 _ 1 +),A 4 6)J 4 = E f{4>{B v )) \ y2(k'(s i - 1 +),A i B) 
By the isometry property of the ltd integral, we find that 



lim ( V(fc'(s i _ 1 +),A i B) ) = f (k',dB), 

\r\^o j Jo 



PATH INTEGRAL FORMULAS ON MANIFOLDS 



39 



where the convergence takes place in L 2 (W(M. d ), /i). As in the proof of theorem 4.17, 
f((j)(B-p)) converges to F(u) in L 2 as well. Therefore we may pass to the limit in 
equation (7.36) to conclude that 

lim / /( f2(k'(s i - 1 +),A i b))^=E\F(u) ( (k',dB) 
W\-+oJ Kl , (M) \f-[ J I Jo 

Since (B, u) and (b , //) have the same distribution, 

E F(u) f (k',dB) = f (f [ {k',db)]du. 

JO J Jw(M) \ Jo J 

The previous two displayed equations prove equation (7.35). □ 

Definition 7.15. A function / : W(M) — > M is said to be a smooth cylinder 
function if / is of the form 

(7.37) f(a) = Fon v (a)=F(a v ) 

for some partition V and some F <G C°°(M" P ). □ 

We are now prepared for the main theorem of this section. 

Theorem 7.16. Let k G PC 1 , z be the solution to the differential equation (7.18) 
of Theorem 7.11 and f be a cylinder function on W(M). Then 

(7.38) / X z fdv=( f([(k',db))d^ 

Jw(M) JW(M) \Jo J 

where 

n n 

(X z f)(o-) ^^(V,/)^),^^)) =^(V i /)(a),// Si (a)^ Si , ( 7)) 

i=l i=l 

and (Vi/)(cr) denotes the gradient F in the i th variable evaluated at (er(si), o-(s2), • ■ • , o-(s n )). 

Proof. The proof is easily completed by passing to the limit \V\ — > in equation 
(7.6) of Corollary 7.7 making use of Proposition 7.14, Theorems 7.11, 4.14, and 
Corollary 4.13 □ 

8. Appendix: Basic Estimates 
8.1. Determinant Estimates. 

Lemma 8.1. Let U be a d x d matrix such that \U\ < 1, then 

(8.1) det(I-U) = exp(-trU + *(£/)), 

where ^(U) := — n ir ^™- Moreover, ^(U) satisfies the bound, 

CO . 

(8.2) i^ioi^-iiT^i^a-it/ir 1 - 

n=2 

Proof. Equation (8.1) is just a rewriting of the standard formula: 
log(det(/ -10) = -E rTT tr ( Un+1 ) ' 

n=0 

which is easily deduced by integrating the following identity, 

4- log(det(7 - sU)) = -tr((7- sU^U) 
ds 



= - tr ( Yl snxjnu = ~ J2 s " tr ( u " +1 ) ■ 



\n=0 / n=0 
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Since for any dx d matrix \trU\ < d\U\ and \U k \ < \U\ k , it follows that 

\tr(U k )\ < d\U\ k 

and hence 

oo , 

i^i^^-it/r^di^i-i^i)- 1 . 

□ 

8.2. Ordinary Differential Equation Estimates. 

Lemma 8.2. Let A(s) be a d x d matrix for all s e [0, 1] and let Z(s) be either a 
R d valued or d x d matrix valued solution to the second order differential equation 

(8.3) Z"{s)=A{s)Z{s). 
Then 

(8.4) \Z(s) - Z(0)\ < \Z(0)\ (cosh y/Ks - l) + \Z'(0)\ wai ^ a 
and 

(8.5) \Z(s)-Z(0)\<s\Z>(0)\+K^Z*(s) 

where Z*(s) :— max{Z(r)| : < r < s}, K := sup se [ 01 ] |A(s)| and \A\ denotes the 
operator norm of A. 

Proof. By the Taylor's theorem with integral remainder, 

Z{s) = Z(0) + sZ / (0) + f Z"(u){s-u)du 

Jo 

(8.6) = Z(0) + sZ'(0)+ I A{u)Z{u){s-u)du 

Jo 

and therefore 

\Z(s)-Z(0)\ < s\Z'(0)\ +K f \Z{u)\{s-u)du 

Jo 

r s s 2 

(8.7) < s\Z'(0)\+K \Z(u)-Z(0)\(s-u)du+—K\Z(0)\=:f(s). 

Jo 2 

One may easily deduce equation (8.5) from the first inequality in this equation. 
Note that /(0) = 0, 

f'(s) = \Z'(0)\+K f \Z(u)- Z(0)\(s-u)du + sK\Z(0)\ 
Jo 

/'(0) = \Z'(0)\ and 

f"(s) = K\Z(s) - Z(Q)\ + K\Z(0)\ < Kf(s) + K\Z(0)\. 

That is: 

(8.8) f"(s)=Kf(s) + r ] (s), /(0) = 0, and /'(0) = \Z'(0)\, 

where rj(s) := f"(s) — Kf(s) < K\Z{§)\. Equation (8.8) may be solved by variation 
of parameters to find: 

ft \ i 7 VM| sinll ^ s , r sinh V^Ts - r) 

f(s) = 1^ C0>| — ^= K y o -j= V (r)dr 

< \Z'(0)\ y=- + \Z(0)\ / VK smh^K(s-r)dr 

yK Jo 



= \Z\O)\^0^ + \Z(O)\cosHVKs-l). 
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Combining this equation with equation (8.7) proves equation (8.4). □ 

Lemma 8.3. Suppose that Z is a d x d - matrix valued solution to equation (8.3) 
with Z(0) = and Z'(0) = I. Let K > 0, K\ > be constants so that sup a£ [ 0)1 ] \A(s)\ < 
K and sup s£ [ 01 ] |-A'(s)| < K\. Then 

(8.9) Z(s) = sI+ S —A{Q) + s£{s), 

6 

where 

(8.10) \£{s)\ = i(2Xis 3 + \k 2 s a ) cosh(\/Ks) 

Proof. Using the definition of Z in equation (8.3) we have that Z(0) = Z"(0) = 0, 
Z'(0) = 0, 

Z^(s) := ^Z(s) = A'(s)Z(s) + A(s)Z'(s), 
and hence Z^(0) = A(0). By Taylor's theorem with integral remainder 

2 



z(.s) = ,/ + IjT'z( 3 )(o(«-o 2 de 



= sI+ S -A(0)+ 1 -j^ (z< 3 > (0 A(0)) (s 2 «- 
Now using Lemma 8.2 with Z(0) = 0,we find 

(8.11) \Z^(0-A(0)\ = A'{QZ(Q+A® ^ + J* A(r)Z(r)dr^J - A(0) 

(8.12) < Kl smh ^0 + K (cosh(VK0 - 1) + Ktf 



(8.13) < (cosh(vTf) + 1) + i^ 2 e 2 cosh(V^0 

(8.14) < (2K lS + \k 2 s 2 ) cosh(VKs) 

where we used the elementary inequalities sinh(a)/a < cosh(a) and cosh(a) — 1 < 
|a 2 cosh(a) valid for all a G. Using Z^ (0) = A(0) and the definition of £ completes 
the proof. □ 

8.3. Gaussian Bounds. In this subsection, B(s) will always denote the standard 
M. d -valued Brownian motion defined in Notation 1.2. 

Lemma 8.4 (Fernique). For 7 G (0, 1/2) let K 7 be the random variable, 

(\B(s)-B(r)\ 

(8.15) K-y := sup <^ — Y A 21 ■ < s < r < 1 



\s - rp 



Then there exists an e = e(-f) > such that E 



< 00 



Proof. Since K 1 as a functional of B is a "measurable" semi- norm, equation (8.15) 
is a direct consequence of Fcrnique's theorem [61, Theorem 3.2]. □ 

Lemma 8.5. For pg [1, 00), 

n 

(8.16) EeS c £"=i l A ^l 2 = [](1 - P CA jS )- d / 2 

provided that pCAjs < 1 /or a// j. Furthermore, 

(8.17) lim EeKEJUIA^I* = 
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Proof. By the independence of increments and scaling properties of B we have 



E 



n n 



where iV is an standard normal random variable. This proves equation (8.16), since 
an elementary Gaussian integration gives 



E 



aP CA jS N 2 /2 



(1-pCAjs)- 1 ? 2 



provided that pCAjS < 1. Equation 8.17 is an elementary consequence of (8.16). □ 

Lemma 8.6 (Gaussian Bound). For every k > there is a constant C = C(k,d) 
which is increasing in k such that 



(8.18) 



E[ e k\B(i)\ . > p j < Ce-i" 2 //' 2 /or oii P > 1- 



Proof. A compactness argument shows that there is a constant C(k,d) such that 
r d-i e fcr e -ir <- C(fc,rf)e~3 r for all r > 0. Passing to polar coordinates and using 
this inequality shows that 

/>oo 

E [ e fe|B(i)l . > p ] = Wd _ 1 (2^) d / 2 / r^-^^e-^'dr 

/>00 

< ^_ 1 (2 7 r) d/2 C(fc,rf) / -e'i^dr 

P 

= ^_ 1 (27T)' i / 2 C'(fc,rf)^ e -|'' 2 

op 

<Ce^^ 2 /p 2 , 

where o^-i is the volume of the d — 1 sphere in M d . □ 

Lemma 8.7. Fia; e > and K > 0. Le£ x £ (r) = l r > £; Zet B be a standard R d - 
valued Brownian motion and let V = {0 = so < si < • • • < s n = 1} 6e a partition 
of [0,1]. 

Define the function ip : K+ — > R+ 6y 



(8.19) i/;(u):=E 



sinh(v / -ft:| J B(M 2 )|) 



if|B( U 2 )| 



E 



sinh(V-ft:w|S(l)|) 



tfu|B(l)| 



TTiera i/iere is a constants C — C (K, d) < oo smc/i iftai 
(8.20) 



Xed^SI) 



sinh(\AK'|A i .B|) 



d-l' 



UV(yA~I) < C*e~ 2 exp 



A\V\ 



\fK\&iB\ 

Proof. It is easily checked that ip is an even smooth (in fact analytic) function and 
tp{u) < e Cu2 foi < u < 1. Thus 



that = 1 + 1 ^ m 2 + 0(u 4 ) and hence there is a constant C < oo such that 



n^V^i*) ^ e c ^i**^' < e c 
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Recall the elementary inequality sinh(a)/a < cosh(a) < e' a l which is valid for all 
a € M. Using this inequality and the scaling properties of B and Lemma 8.6, 

sinh(V^3~^|,B(l)|)\ 



E 



Xe(\XB\ 



smh(VK\A,B\) 
~K\\^B\ 



E 



< E 



XeW^iS\B{l)\) 



y/KE^\B{\)\ 



X eA4 .-v=.(|B(l)l)exp((d-l)V^A^|B(l)|)" 



< C(d,K\V\)^£exp 



4A 4 s 

< C(^|P|)^exp(-^ 
Combining the above estimates completes the proof of Lemma 8.7. 



□ 



Proposition 8.8. Let B be the R d -valued Brownian motion defined on (W(K d ),/u) 
as in Notation 1.2 above and let Let R^ for i = 0, 1, , . . . , n be a random symmetric 
d x d matrices which are a(B s : s < Si_i) -measurable for each i. Note that Ro 
is non-random. Further assume there is a non-random constant K < oo such that 
|R-i| < K for all i. Then for all p e M there is an e = e(K, d,p) > 



3 pS; =1 ((R 1 A i B ) A i B)-(r(R,)A, S ) 



< e dv 2 K 2 \V\ 



(8.21) 1 < 

whenever \V\ < e. 
Proof. By Ito's Lemma, 

(R 4 A,B, A t B) - tr(R l )A,.s = 2 T (R 4 (B(s) - B(s)), dB(s)), 

JSi-l 

and hence ^™ =1 ((RiAii?, AiB) — tr(Ri)Ais) = Mi, where M t is the continuous 
square integrable martingale 

M t :=2 [ (R s (B(s)-B(s)),dB(s)) 
Jo 

and R s :— Hi if s e (sj-i, Sj]. The quadratic variation of this martingale is 

(M) t =A [ \R s (B{s) - B{s))\ 2 ds < 4K 2 [ \B(s) - B(s)\ 2 ds. 
Jo Jo 

Let p e (l,oo). Then by the independent increment property of the Brownian 
motion B, it follows that 



E 



< E 



exp I Ap 2 K 2 



1.22) 



= 

i=i 

n 

= 



exp I Ap 2 K 2 



\B(s)- B(s)\ 2 ds 
f * \B(s)-B(s)\ 2 ds 



i=l 



exp ( 4p 2 K 2 AiS 



\B{s)\ 2 ds 



wherein the last equality we haves used scaling and independence properties of B to 
conclude that i \B(s) - B((s)\ 2 ds, f* iS \B(s)\ 2 ds and J^ s A lS \B(^)\ 2 ds = 

AiS 2 \B(s)\ 2 ds all have the same distribution. 
Fernique's theorem [61, Theorem 3.2] implies that 



^(A) :=E 



exp 



Jo 



\B(s)\ 2 ds 
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is a well defined analytic function of A in a neighborhood of 0. Because ip(0) = 1 
and 



it follows that ip(X) < e dX / 2 for all positive A sufficiently near 0. Using this fact in 
equation 8.22 gives the bound 



E 



p (M)j 



< fl CX P (2dp 2 K 2 A lS 2 ) = exp ( 2dK 2 p 2 ^ A,s 2 



i=i 



.23) 



< 



exp (2dK 2 p 2 \V\) < oo, 



which is valid when the mesh of V is sufficiently small. 
By Ito's Lemma, 

r,2 



Z ( t p) =cxp(pM t -^-(M) t 



is a positive local martingale. Because of the bound in equation 8.23, Novikov's 
criterion [81, Prop. 1.15, p. 308] implies that is in fact a martingale and hence 



in particular E 



Ap) 



1. Therefore, 



E [e pMl ] = E 



pMi 



> E 



= 1 



and 



E[e pMl ] = E[exp(pMi-p 2 (M) 1 )cxp(p 2 (M)i)] 

< y/E [cxp(2pMi - 2p 2 (M) 1 )] N /E [exp (p 2 (M} 1 )} 

= X JeZ^ ) ^E[cx P (p 2 (M) 1 )} = y/E [exp (p 2 (M) 1 )] 

< exp (dK 2 p 2 \V\) . 
This completes the proof of Proposition 8.8. 



□ 
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